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KNOWLEDGE TREE

Part 1: Fundamentals of Calculus

1.1 Introduction to Calculus

e Definition of Limits
e (Calculating Limits
e  Continuity of Functions

1.2 Derivatives

e Definition of Derivatives
e Rules of Differentiation
e Applications of Derivatives in ML

1.3 Inteqgrals

e  Definition of Integrals
e Techniques of Integration
e (Calculating Definite Integrals

Part 2: Linear Algebra

2.1 Vectors and Matrices

e Vector Spaces
e  Matrix Operations
e  Matrix Inversion

2.2 Eigenvalues and Eigenvectors

e Characteristic Equations
e Diagonalization

2.3 Matrix Calculus
e Gradient Vectors

e Jacobian and Hessian Matrices
e Applications in Optimization

Part 3: Multivariate Calculus and Optimization

3.1 Multivariable Functions

e  Partial Derivatives

e Gradient and Hessian Matrix for Multivariable
Functions

e Taylor Series Expansion

3.2 Optimization

e Local vs. Global Minima/Maxima
e Gradient Descent
e Constrained Optimization (Lagrange Multipliers)

Outreach
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Partie 4 : Outils en Data Science

4.1 Qutils Computationnels
e Langages de programmation (Python, R)
e Bibliothéques de calcul numérique (NumPy, SciPy)
e Systemes de gestion de bases de données (SQL, NoSQL)

4.2 Outils Statistiques et de Machine Learning
e Scikit-learn

e TensorFlow

e PyTorch
4.3 Visualisation de Données
e  Matplotlib
e Seaborn
e Tableau

4.4 Gestion et Manipulation des Données
e Pandas

e Data Cleaning
e Feature Engineering

4.5 Big Data
e Hadoop

e Spark
e Kafka

4.6 Cloud Computing
e AWS

e Google Cloud Platform
e  Microsoft Azure

4.7 Automatisation et CI/CD
o (it
e Jenkins
e Docker, Kubernetes
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KNOWLEDGE TREE
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Part 1: Fundamentals of Calculus

1.1 Introduction to Calculus

e Definition of Limits
e (Calculating Limits
e  Continuity of Functions

Description:

Calculus is a branch of mathematics that deals with
rates of change and accumulation of quantities. It
begins with the definition of limits, which describe
how a function behaves as an input approaches a
certain value. Calculus is essential for modeling and
analyzing dynamic systems.

Reference:
"Calculus” by James Stewart. Link

Link to Biology:
Calculus is used in biology to model population

growth, understand rates of change in biological
processes, and analyze data from experiments

https://www.youtube.com/watch?v=rfG8ce4nNh0&list=PLZHQObOWTQDMsr9K-ri53DwVRMYO3t5Yr&index=9

- STEP 0/ Foundations / Elements of calculus for statistics and ML / Part 1 : Fundamental of Calculus / 1.1 Introduction to Calculus
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KNOWLEDGE TREE
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Part 1: Fundamentals of Calculus

1.2 Derivatives

e Definition of Derivatives
e Rules of Differentiation
e Applications of Derivatives in ML

Description:

Derivatives are fundamental in calculus and
measure the rate of change of a function. This
section covers the definition of derivatives, rules of
differentiation, and their applications in various
scientific and engineering fields, including Machine
Learning.

Reference:

"Introduction to the Theory of Neural Computation”
by John Hertz, Anders Krogh, and Richard G.
Palmer. Link

Link to Biology:
Derivatives are used in biology to model the rate of

change of concentrations in chemical reactions and
study the growth rates of populations.

Definition of the derivative
of a function f(x):
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https://www.youtube.com/watch?v=WUvTyaaNkzM&list=PLZHQObOWTQDMsr9K-ri53DwVRMYO3t5Yr
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KNOWLEDGE TREE

Part 1: Fundamentals of Calculus

Definition of the definite

1.3 Integrals . .
integral of a function f(x)

e Definition of Integrals

e Techniques of Integration
e  Calculating Definite Integrals

Description:
Integrals are used to calculate the accumulation or
net area under a curve. This section covers the m x
definition of integrals, techniques of integration, and
a

over an interval [a, b]:

the calculation of definite integrals.

Reference: "Calculus: Early Transcendentals” by
James Stewart. Link

Link to Biology:
Integrals are used in biology to calculate the area y=/(x) y=r(x)
d i tration-ti hs, helpi i I \ M
under curves in concentration-time graphs, helping \ \ \
determine drug clearance rates and enzyme
kinetics.
/ / /
a b c d a b c d a b c d
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KNOWLEDGE TREE

Part 2: Linear Algebra

2.1 Vectors and Matrices

e Vector Spaces
e  Matrix Operations
e  Matrix Inversion

Description:

Vectors and matrices are foundational in
mathematics and many scientific fields. This
section covers vector spaces, matrix operations,
and matrix inversion, which are essential for solving
systems of linear equations.

Reference:
"Linear Algebra Done Right" by Sheldon Axler. Link

Link to Biology:

Linear algebra is used in biology for analyzing
genetic data, such as gene expression matrices
and protein-protein interaction networks.

Equation Example: Addition of two matrices A and
B:

Scalars, Vectors, Matrices & Tensors

Scalar Vector Matrix Tensor

Addition of two matrices A
and B :

(A+ B)ij = Aij + By

< Lsgﬁeeylfmi

- STEP 0/ Foundations / Elements of calculus for statistics and ML / Part 2: Linear Algebra / 2.1 Vectors and Matrices
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EIGENVALUES &

EIGENVECTORS

Part 2: Linear Algebra

2.2 Eigenvalues and Eigenvectors

e Characteristic Equations
e Diagonalization
e  Principal Component Analysis (PCA)

Description:

Eigenvalues and eigenvectors are crucial concepts
in linear algebra. They are used to understand the
behavior of linear transformations and diagonalize
matrices.

Reference: "Matrix Analysis and Applied Linear
Algebra" by Carl D. Meyer. Link

Link to Biology: Eigenvalues and eigenvectors are
used in bioinformatics to analyze biological
networks and identify key components in protein
interaction networks.

STEP O / Foundations / Elements of calculus for statistics and ML / Part 2: Linear Algebra / 2.2 Eigenvalues and Eigenvectors
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GRADIENT AND

MATRIX CALCULUS

Part 2: Linear Algebra
2.3 Matrix Calculus

e Gradient Vectors

e Jacobian and Hessian Matrices
e Applications in Optimization Calculation of the gradient
of a vector f(x) with respect

to vector Xx:
Description: 5
Matrix calculus deals with derivatives and

gradients involving matrices. We have vectors, - of -
Jacobian and Hessian matrices, and their e (a,)
applications, particularly in optimization problems. L

Reference: Vf (a’) —

"The Matrix Cookbook" by Kaare Brandt Petersen af
and Michael Syskind Pedersen. Link oz, (a)

Link to Biology:

Matrix calculus is applied in systems biology to
model biochemical reaction networks and study
how biological systems respond to perturbations

[ weekl - STEP 0/ Foundations / Elements of calculus for statistics and ML / Part 2: Linear Algebra / 2.3 Matrix Calculus
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KNOWLEDGE TREE

Part 3: Multivariate Calculus and Optimization

3.1 Multivariable Functions

< Lsgeeylfwi

Partial Derivatives
Gradient and Hessian Matrix for Multivariable
Functions

e  Taylor Series Expansion

Description:

In single-variable calculus, you deal with functions of a single
variable, and you find the derivative with respect to that single
variable. However, in multivariable calculus, you often work with
functions that depend on more than one variable. In such cases,
you can find partial derivatives to understand how the function
changes concerning each of its input variables.

The partial derivative of a function with respect to one of its
variables is denoted using the @ symbol (a rounded "d") followed
by the variable of interest. For example, if you have a function f(x,
y), the partial derivative with respect to x is written as 0f/dx, and
the partial derivative with respect to y is written as of/0y.

Reference:
"Advanced Calculus” by Patrick M. Fitzpatrick. Link

Link to Biology:
Multivariate calculus is used in computational biology to model

complex biological systems with multiple interacting variables.

- STEP 0/ Foundations / Elements of calculus for statistics and ML / Part 3: Multivariate Calculus and Optimization / 3.1 Multivariable

Calculation of partial
derivatives of f(x, y) with
respect to x and y:
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KNOWLEDGE TREE

Part 3: Multivariate Calculus and Optimization

3.2 Optimization

Gradient Descent for minimizing a
e Local vs. Global Minima/Maxima . .
e Gradient Descent function f(X)
e Constrained Optimization (Lagrange Multipliers) (Where a 1s the learning rate)

Description: :'Bn_l_]. — mn — an :En
Optimization aims to find the best possible solution
from a set of feasible solutions. This section
explores the concepts of local and global
minima/maxima, gradient descent as an
optimization algorithm, and constrained
optimization using Lagrange multipliers.

Reference:
"Convex Optimization" by Stephen Boyd and Lieven
Vandenberghe. Link

Link to Biology:

Optimization techniques are used in bioinformatics
for tasks such as protein structure prediction,
parameter estimation in biological models, and the
optimization of experimental conditions.

[ weekl - STEP 0/ Foundations / Elements of calculus for statistics and ML / Part 3: Multivariate Calculus and Optimization / 3.2 Optimization Baptiste Mokas



WHAT ABOUT TOOLS

Part 4: Data Science Tools

4.1 Computational Tools

Re dls .‘ ﬁleegf:ph]database
e Programming Languages (Python, R)
e  Numerical Computing Libraries (NumPy, SciPy) ‘ ‘ Cassandra

e Database Management Systems (SQL, NoSQL)
e go DB
4.2 Statistical and Machine Learning Tools NRT
N A N um Py "

e Scikit-learn p- m e m O Se ﬁ rl q k

e TensorFlow b* ’

e PyTorch
4.3 Data Visualization A r— g

e Matplotlib M = FIOSké

e  Seaborn . GTK

i Graphical User Interface LY Web Development
e Tableau P ETHOED. O N QOO
{ aotmaion } " fpythoni (" Producsvy )
: : B - it [PYUNO|
4.4 Data Management and Manipulation - e o] 2 SQL
[ Pandas . L ‘Lluux ._.-'.' g pl’)\‘..f‘l'lf'd g ."- '. ;2: 0d<)§ll:)'v‘|. "

L%
............................................................

e Data Cleaning e uad:«:umm
e  Feature Engineering I Ipandas 0 PyTorch ©
.matpl:tlib | *
4.5 Big Data
e Hadoop
e Spark
e Kafka

4.6 Cloud Computing
e AWS
e Google Cloud Platform
e  Microsoft Azure

kubernetes

e (Git
e Jenkins
e Docker, Kubernetes
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Use Case WIth python Use Case: Optimizing a Linear Regression Using Gradient Descent

In linear regression, one common task is to fit a line (or hyperplane) to data points to minimize the Mean
Squared Error (MSE) between the model's predictions and the actual values.

The linear regression model can be formulated as follows:
y=B0+B1x

where y is the dependent variable, 0 B 0 is the intercept, 1 B 1 is the slope of the line, and x is the
independent variable.

The goal is to find the values of 0 0 and 1 B 1 that minimize the MSE.
This can be achieved using gradient descent, an optimization technique that involves computing the
partial derivatives of the cost function with respectto 0 B 0 and 1 B 1 and then iteratively updating

these parameters until convergence.

In this example, we use the concepts of partial derivatives to compute gradients with respectto 0 3 0
and 1 8 1 , and then iteratively adjust these parameters with a learning rate to minimize the MSE.

This is a simple example to illustrate the use of differential calculus concepts in statistics and ML for
model optimization.

In practice, models and cost functions can become much more complex, but the principle remains the
same.

¢ weeki - Foundations / Elements of calculus for statistics and ML

Here's a Python code example to optimize a linear

regression using gradient descent:

ir‘}:;_“!o."‘t numpy as np

np.random.seed(0)
X = 2 * np.random.rand(160, 1)
y =4+ 3 * X + np.random.rand(100, 1)

beta © = np.random.randn()
beta 1 = np.random.randn()

learning rate = 9.01
n_iterations = 1060

for iteration in range(n_iterations):
y pred = beta @ + beta 1 * X
error = y pred - y
gradient b® = 2 * np.mean(error)
gradient bl = 2 * np.mean(error * X)
beta ® -= learning rate * gradient b@
beta 1 -= learning rate * gradient bl

print(“"Beta @ (i E
print(“"Beta 1 (slope)
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REFERENCES V1

Top 15 Libraries in R, Python, MATLAB, or Others

for the Given Course Topics

Python Libraries

1.
2.

3.

4.
)

NumPy: For numerical operations, including calculus and linear algebra.

SciPy: Extended library built on NumPy, with additional modules for optimization, integration,
and other mathematical tasks.

TensorFlow : For machine learning, and contains functionalities for derivatives and
optimization.

SymPy: For symbolic mathematics, including calculus.

scikit-learn : Primarily for machine learning but includes several statistical tools.

R Libraries

1.
2.
3

4.
)

calculus: For symbolic and numerical calculus.

pracma: For practical numerical math functions similar to MATLAB.

gsl: Wrapper for the GNU Scientific Library, for advanced statistical and mathematical
calculations.

Matrix: For dense and sparse matrix calculations.

mvtnorm: For multivariate normal and t distributions.

MATLAB Toolboxes

1

2.
3.
4.

Symbolic Math Toolbox: For symbolic mathematics.

Optimization Toolbox: For optimization problems.

Statistics and Machine Learning Toolbox: For statistical analysis and machine learning.
Parallel Computing Toolbox: For parallel computation.

Others

1.

e weeki

MathJS (JavaScript): For mathematical operations in web-based applications.

Foundations / Elements of calculus for statistics and ML

Top 10 Articles or Books

"Calculus” by James Stewart: An excellent introduction to calculus.

"Introduction to Linear Algebra" by Gilbert Strang: For understanding linear algebra
concepts.

"The Elements of Statistical Learning" by Hastie, Tibshirani, and Friedman: Machine
Learning from a statistical viewpoint.

"Probability Theory: The Logic of Science" by E.T. Jaynes: Covers probability theory
deeply.

"Convex Optimization" by Stephen Boyd and Lieven Vandenberghe: Covers
optimization extensively.

"Deep Learning" by lan Goodfellow, Yoshua Bengio, and Aaron Courville: For machine
learning aspects.

"Numerical Optimization" by Jorge Nocedal and Stephen J. Wright: Focuses on
optimization algorithms and methods.

"Pattern Recognition and Machine Learning" by Christopher M. Bishop: Covers
statistical methods in ML.

"Bayesian Data Analysis" by Andrew Gelman, John B. Carlin, Hal S. Stern, and Donald
B. Rubin: For Bayesian methods.

"Multivariate Calculus and Geometry" by Sean Dineen: For multivariate calculus,
particularly relevant to machine learning.
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LESSON DESCRIPTION

Embark on an enlightening journey through the realm of mathematics as we delve into the fundamentals of Calculus. This
immersive experience begins with an enticing narrative, inviting you to explore the captivating world of mathematical analysis and
its applications. Imagine yourself as a curious mathematician, poised to unlock the secrets of limits, derivatives, integrals, and
more. Calculus isn't just about equations; it's a powerful tool for understanding change, rates, and continuous phenomena in the
world around us.

To fully appreciate the significance of Calculus, it's essential to delve into the historical context and the influential mathematicians
who have paved the way for this mathematical discipline. Picture luminaries such as Sir Isaac Newton and Gottfried Wilhelm
Leibniz, whose pioneering work in the 17th century laid the foundations of Calculus. Their contributions revolutionized mathematics
and science, enabling breakthroughs in physics, engineering, and countless other fields. As you embark on this educational
journey, you'll follow in the footsteps of these mathematical giants, drawing inspiration from their groundbreaking insights to
navigate the complexities of calculus.

The practicality of Calculus extends far beyond the confines of a math classroom. Consider its applications in machine learning,
where derivatives are used to optimize models and integrals help calculate areas under curves. Engineers rely on calculus to solve
complex problems in structural design, physics, and electrical circuits. Statisticians use probability and statistics, built on calculus
principles, to make sense of data and draw meaningful conclusions. Whether you're a student, a data scientist, an engineer, or
anyone seeking to harness the power of mathematics in your field, this course offers essential knowledge and skills.

In an age driven by data and scientific inquiry, mastering the fundamentals of Calculus is not just advantageous; it's indispensable.
As you progress through this course, you'll gain a deep understanding of mathematical concepts that underpin critical
decision-making processes in various disciplines. Calculus empowers you to model the world, analyze complex systems, and
make informed predictions. It's a universal language that transcends boundaries and opens doors to innovation. By mastering
Calculus, you become a problem solver, a critical thinker, and a contributor to the advancement of science and technology.

Are you ready to embark on this illuminating journey into the world of Calculus? Join us to unlock the full potential of this
mathematical tool and elevate your analytical skills. Whether you're driven by academic curiosity, professional growth, or the desire
to make a positive impact in your chosen field, this course offers the knowledge and expertise you need. Enroll now to become part
of our learning community and begin your exploration of the mathematical wonders that shape our world. Feel free to reach out to
the Weeki team for further guidance or any inquiries you may have. Together, let's navigate the intriguing landscape of Calculus
and discover the boundless opportunities it presents.

Foundations / Elements of calculus for statistics and ML
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EXERCICES /

GENERAL KNOWLEDGE QUESTIONS :

Question 1: Explain the concept of a derivative and why it is important in calculus.

Question 2: What is the fundamental theorem of calculus, and how does it relate to integration?
Question 3: Define what eigenvalues and eigenvectors are in the context of linear algebra and matrices.
Question 4: Describe the concept of a vector space and provide an example.

Question 5: What is the purpose of matrix operations in linear algebra, and why are they important?
Question 6: Explain the significance of matrix inversion in linear algebra and its conditions.

Question 7: What are multivariable functions, and how are they different from singlevariable functions?
Question 8: Define partial derivatives and their role in optimization problems.

Question 9: Discuss the Taylor series expansion and its use in approximating functions.

Question 10: Differentiate between local and global minima/maxima in optimization and provide an example.

¢ week| - Foundations / Elements of calculus for statistics and ML Baptiste Mokas



EXERCICES /

MATHEMATICAL QUESTIONS :

Question 11: Calculate the derivative of the function f(z) = 423 — 2z* + 3z — 1.

Question 12: Find the definite integral of the function g(z) = e~ from —oo to co.

3 1
Question 13: Determine the eigenvalues and eigenvectors of the matrix A = L 2] :

Question 14: Verify if the set of polynomials of degree 2 or less forms a vector space. Explain your answer.

: : e 2 3 1 2
Question 15: Perform matrix multiplication for A = 45 and B = 5 4|

4 1
Question 16: Compute the inverse of the matrix B = [2 3] :

Question 17: Calculate the partial derivative of the function h(z,y) = 2z3y* with respect to .
Question 18: Use the Taylor series expansion to approximate the value of sin(0.1) to the third degree.

Question 19: Find the local and global minima/maxima of the function k(z) = z* — 3z%+ 2z over the interval
0, 3].

Question 20: Solve an optimization problem using the Lagrange multipliers method. Maximize f(x,y) = xy
subject to the constraint (g(x,y) = x"2 +y"2 = 1.

¢ week| - Foundations / Elements of calculus for statistics and ML Baptiste Mokas



Question 1: Explain the concept of a derivative and why it is important in calculus.

Answer 1:

The derivative measures the rate of change of a function at a particular point.

Mathematically, it is defined as the limit of the difference quotient as the interval between two points
approaches zero. The derivative of a function f(x) is denoted as f'(x) or Z—i. It is crucial in calculus because it

provides information about the slope of a curve, velocity, acceleration, and optimization. It helps us understand
how functions change with respect to their independent variables.

Question 2: What is the fundamental theorem of calculus, and how does it relate to integration?

Answer 2:

The fundamental theorem of calculus consists of two parts. The first part states that if F'(x) is an antiderivative
of a function f(x) over an interval [a, b], then the definite integral of f(z) from a to bis F'(b) — F(a), which
relates integration to the concept of an antiderivative. The second part of the theorem relates differentiation and
integration. It says that if F'(x) is any antiderivative of f(x), then the derivative of the integral from a to x of
f(t)dt is equal to f(z). This connection is fundamental in calculus as it allows us to compute definite integrals
using antiderivatives.
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Question 3: Define what eigenvalues and eigenvectors are in the context of linear algebra and matrices.

Answer 3:

Eigenvalues (\) and eigenvectors (v) are fundamental concepts in linear algebra. For a square matrix A, an
eigenvalue A is a scalar such that Av = Av, where v is a non-zero vector. In other words, when a matrix is
multiplied by one of its eigenvectors, the result is a scaled version of that same vector. Eigenvectors represent
directions in space that are preserved when the matrix operates on them, and eigenvalues represent the scaling
factor along those directions. Eigenvalues and eigenvectors have various applications, including diagonalization
of matrices, solving systems of differential equations, and understanding stability in linear systems.

Question 4: Describe the concept of a vector space and provide an example.

Answer 4:

A vector space is a set of vectors that satisfies certain properties, including closure under vector addition and
scalar multiplication. In a vector space, vectors can be added together, and they can be multiplied by scalars
while preserving these properties. An example of a vector space is R?, which represents all 3-dimensional real
vectors. It satisfies the vector space properties: closure under addition (vectors can be added to create another
vector in R® ) and closure under scalar multiplication (scaling a vector in R3 results in another vector in R? ).

¢ week| - Foundations / Elements of calculus for statistics and ML Baptiste Mokas



Question 5: What is the purpose of matrix operations in linear algebra, and why are they important?

Answer 5:

Matrix operations, including addition, multiplication, and transposition, play a critical role in linear algebra and
various mathematical applications. Matrix addition combines two matrices element-wise, which is essential for
solving linear systems of equations and representing transformations. Matrix multiplication defines
compositions of linear transformations, and it is used for solving systems of linear equations, finding
eigenvalues and eigenvectors, and representing linear transformations. Transposition swaps rows and columns
of a matrix, which is useful for solving systems of equations, matrix inverses, and performing certain
transformations. Matrix operations are fundamental in solving linear systems, optimizing, and understanding
linear transformations.

Question 6: Explain the significance of matrix inversion in linear algebra and its conditions.

Answer 6:

Matrix inversion is significant in linear algebra because it allows us to solve systems of linear equations
efficiently and find solutions to linear transformations. A matrix A is invertible (non-singular) if and only if its
determinant is non-zero. In other words, if det(A) # 0, then A has an inverse. The inverse of a matrix A,
denoted as A~!, has the property that when it is multiplied by A, the result is the identity matrix (I).
Mathematically, A~1 A = I. Matrix inversion is crucial for solving linear systems of equations of the form
Az = b, where A is the coefficient matrix and b is the vector of constants. The solution is = A~'b. Matrix
inversion also allows us to find the inverse of linear transformations and analyze their properties.
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Question 7: What are multivariable functions, and how are they different from single-variable functions?

Answer 7 :
A multivariable function, often denoted as f(x1,xs,...,x,), is a function that depends on multiple input
variables (1, 2, - . . , &, ) instead of just a single variable. Mathematically, a multivariable function maps a set

of real numbers to a real number, and its output is determined by the values of all input variables
simultaneously. In contrast, a single-variable function, typically denoted as f(x), depends on only one input
variable (z).

Key Differences:

Input Variables:

- Multivariable Function: Depends on multiple input variables (x1, Z3, ..., Z,).

- Single-Variable Function: Depends on a single input variable ().

Function Definition:

- Multivariable Function: Defined with multiple variables, e.g., f(z,y, 2) = z° + yz— 22.
- Single-Variable Function: Defined with a single variable, e.g., f(z) = z? + 3z — 1.

Graph:

- Multivariable Function: Represents a multivariate surface or hypersurface in an ndimensional space.
- Single-Variable Function: Represents a curve in a two-dimensional space.

Derivatives:

- Multivariable Function: Has partial derivatives, one for each input variable.

- Single-Variable Function: Has a single derivative with respect to the single input variable.

Applications:

- Multivariable Function: Commonly used to model real-world situations involving multiple factors affecting an
outcome, such as multivariable calculus and multivariate statistics.

- Single-Variable Function: Used for simpler one-dimensional problems and modeling relationships between a
single input and an output.
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Question 8: Define partial derivatives and their role in optimization problems.

Answer 8 :
Partial derivatives are a specific type of derivative used when dealing with multivariable functions. A partial
derivative measures how the function's output changes concerning one specific input variable while keeping all

other input variables constant. They are denoted using the symbol %, where f is the multivariable function,
and x is the specific variable with respect to which the derivative is being taken.

Mathematical Definition:

Let f(x1,x2,...,2,) be a multivariable function, and zy, is the variable with respect to which we want to find
the partial derivative. The partial derivative g—a{k 1s defined as:

of lim f(z1,@o,...;xp +hy ... xy) — f(T1, T2, o, Ty -+ -, T)

8a:k h—0 h

Role in Optimization Problems:

Partial derivatives are vital in optimization problems, particularly in finding local extrema (maxima or minima)
of multivariable functions. In optimization, we seek to identify values of input variables that maximize or
minimize the function. Partial derivatives help by indicating how the function changes concerning each input
variable. Specifically: of

The partial derivative e tells us how the function changes with a small change in the variable x; while

holding other variables constant.

In optimization, we analyze these partial derivatives to find critical points where all partial derivatives are zero.
These critical points are potential maxima, minima, or saddle points.

Further analysis, using techniques like the Hessian matrix, is performed to classify these critical points and
determine the global or local extrema.

Partial derivatives are essential tools in gradient-based optimization algorithms, like gradient descent, where
they guide the search for optimal solutions in multivariable optimization problems.
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Question 9: Discuss the Taylor series expansion and its use in approximating functions.

Answer 9:

The Taylor series expansion is a powerful mathematical tool used to approximate functions, especially in
calculus and numerical analysis. It represents a function as an infinite series of terms, each of which is
constructed from the function's derivatives evaluated at a specific point. The Taylor series of a function f(x)
about a point a 1s given by:

f"(a)
2!

///(a)
3!

f(x) = f(a) + f'(a)(z — a) + (z—a)’+ (z—a)’+..

Here, f(a) represents the value of the function at point a, f'(a) is the first derivative of f evaluated at a, f"(a)
is the second derivative evaluated at a, and so on. The series continues with higher-order derivatives. The
Taylor series is used to approximate the behavior of a function in a neighborhood of the point a.

To approximate the value of a function at a point x, you can truncate the series to a finite number of terms:

@)~ f@) + F @@ —a)+ L@ —a .

The more terms you include, the more accurate the approximation becomes. This is especially useful in
numerical analysis when you want to estimate the value of a function for which you may not have an exact
expression, but you do have its derivatives.
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Question 10: What is the difference between local and global minima/maxima in optimization, and can you
provide an example?

Answer 10:
In optimization, we seek to find the minimum (or maximum) value of a function. There are two types of
extrema: local and global.

- Local Minima/Maxima: A local minimum (or maximum) is a point in the function where its value is lower (or
higher) than in its immediate vicinity, but not necessarily lower (or higher) than any other point in the entire
domain of the function. It's essentially a "hill" or "valley" within a small neighborhood. Local minima/maxima
are found by taking derivatives of the function and setting them equal to zero, solving for critical points, and
then checking the behavior of the function around those points.

- Global Minima/Maxima: A global minimum (or maximum) is the absolute lowest

(or highest) point over the entire domain of the function. It's the lowest (or highest) point in the entire landscape
of the function. Finding global minima/maxima is often more challenging and may require a systematic search
over the entire domain, especially for complex functions.

Example: Consider the function f(z) = z* — 42?2 defined over the real numbers. This function has both local
and global extrema. It has a local minimum at x = 0 (a small "valley") and a global maximum at £ = —+/2 (the
highest point over the entire domain). In summary, the distinction between local and global extrema is crucial in
optimization problems because it determines whether the solution found is a true global optimum or just a local
one.

¢ week| - Foundations / Elements of calculus for statistics and ML Baptiste Mokas



Question 11: Calculate the derivative of the function f(z) = 423 — 22* + 3z — 1.

Answer 11:

To calculate the derivative of the function f(z) = 4z — 2z + 3z — 1, we use the power rule for
differentiation. The power rule states that if you have a term ax", its derivative is an 2" 1.
Applying the power rule to each term of f(z), we get:

% [42°] = 4-32°! = 1227
% [—22%] = —2.22°7' = —4z

%[Bm] =3

%[—1] =0

Now, combine these derivatives to find the derivative of the entire function:

d o2
E[f(a:)] =12z — 4z + 3
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Question 12 : Find the definite integral of e *" from —o0 to 0o

Answer 12 :

The integral of e from —oo to 0o represents a crucial result in mathematics, particularly in probability and
statistics. This integral is commonly associated with the normal distribution and is equal to the square root of .
Mathematically, it is expressed as follows:

/ e ¥ dr = Lo

o0

The process of finding this result involves some advanced techniques and is often demonstrated using polar
coordinates. Here's a brief explanation of why this integral equals

Explanation:

1. Start by considering the square of the integral:

2 00_332 ?
I° = e v dx

1. Convert to a double integral by introducing another variable, y :

/ / (#*+9°) dxdy

1. Transform to polar coordinates by substituting £ = r cos 8 and y = r sin 6. The integral becomes:

27 00
= / / e " rdrdf
0 0

1. Now, integrate with respect to r and 6 :

27 o0
I = (/ dO) (/ er2rdr) = 27 - (—ler2
0 0 2
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1. Evaluate the limits, and you get:

I* =2r- (-%(0—1)) =

1. Finally, take the square root to find I :
I =+«

So, the integral of e~ from —oo to oo is indeed equal to /7, and this result is a fundamental part of
probability and statistics, especially in the context of the normal distribution.

Baptiste Mokas
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Question 13: Determine the eigenvalues and eigenvectors of the matrix A = [1 2] :

Answer 13:
To find the eigenvalues and eigenvectors of matrix A, we start by solving the characteristic equation:

det(A—AI) =0
Where I is the identity matrix and A represents the eigenvalues. For matrix A :
3—A 1
A— M =
1 2— A
The characteristic equation becomes:
3—A L | 0
12—

Expanding the determinant:
3—XN(2-A)—-1-1=0

(3—=X)(2-X)—-1=0
A —B5A+5=0

Using the quadratic formula, we find the eigenvalues:

::5+v%amihzz5—v%

A
: 9 2
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Now, for each eigenvalue, we find the corresponding eigenvector by solving the system of equations:
For A = 35 .
53—

(A— )\I)’Ul =0

e [0
1 —1+\/5 L9 N O
2

Solving this system, we find the eigenvector v :

1
1=y
2

(A—Ave =0
1.5 -
[ 1 #] L‘z] - [g]

Solving this system, we find the eigenvector vs :

s

S

For A = 5-V5 :

[\]

=
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Question 14: Verify if the set of polynomials of degree 2 or less forms a vector space. Explain your answer.

Answer 14 :
The set of polynomials of degree 2 or less, often denoted as P, indeed forms a vector space. To verify this, we
need to check if it satisfies the vector space properties:

Closure under Vector Addition: If p(z) and g(z) are both polynomials of degree 2 or less, then p(z) + g(z) is
also a polynomial of degree 2 or less. Therefore, P, is closed under vector addition.

Closure under Scalar Multiplication: If p(z) is a polynomial of degree 2 or less and c is a scalar, then cp(z) is
also a polynomial of degree 2 or less. Thus, P; is closed under scalar multiplication.

Associativity of Addition: Vector addition is associative for polynomials, so this property is satisfied.
Commutativity of Addition: Vector addition is commutative for polynomials, so this property is satisfied.

Identity Element: The zero polynomial, O(xz) = 0, is in P5, and it serves as the identity element for vector
addition.

Inverse Elements: For every polynomial p(x) in P, there exists an additive inverse —p(x), which is also in Ps.
Scalar Multiplication Identity: Scalar multiplication by 1 leaves the polynomial unchanged.

Distributivity of Scalar Multiplication over Vector Addition: Scalar multiplication is distributive over vector
addition for polynomials.
Since P, satisfies all the vector space properties, it is indeed a vector space.
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Question 15: Perform matrix multiplication for A = [4 5] and B = [3 4] :

Answer 15:

Matrix multiplication is performed by taking the dot product of rows and columns. The result AB is obtained by

multiplying each element in the rows of A by the corresponding element in the columns of B and summing
these products.

To compute AB :

AB:F 3][1 2]:[(2.1+3.3) (2.2+3.4)]:[11 14]

4 5|3 4 (4-14+5-3) (4-2+5-4) 19 26
11 14
So, AB =
19 26
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Question 16: Compute the inverse of the matrix B = [2 3] :

Answer 16 :
To compute the inverse of a 2 X 2 matrix, we can use the formula for the inverse of a 2 X 2 matrix:

b
For a matrix B = [a d] , the inverse B! is given by:
C

.

- ad —bc |—c a

4 1
In this case, for matrix B = [2 3} , we have:

a=4,b=1,c=2,andd = 3
So, we can compute ad — bc :
ad—bc=(4-3)—(1-2)=12-2=10

Now, we can calculate the inverse:
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Question 17: Calculate the partial derivative of the function h(z,y) = 2z3y* with respect to z.
Answer 17 :

The partial derivative of h(z,y) with respect to x, denoted as % ,1s found by treating y as a constant while

differentiating with respect to . Using the power rule for differentiation, we get:

oh
— = 6z2y?
oz Y
oh __ 2.2
So, 5 = 6z°y”.
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Question 18: Use the Taylor series expansion to approximate the value of sin(0.1) to the third degree.
Answer 18 :

The Taylor series expansion of sin(z) around = 0 to the third degree is:

3 23
w__
6

mo
B
&
2
&
|
|
||

This approximation is a polynomial that estimates the value of sin(z) near z = 0. To approximate sin(0.1) to
the third degree, substitute z = 0.1 into the expression:

0.1)3 0.001
sin(0.1) ~ 0.1 — ( 6) — 0.1 — — 0.1 — 0.0001667 ~ 0.0998333

So, sin(0.1) is approximately equal to 0.0998333 .
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Question 19: Find the local and global minima/maxima of the function k(z) = x> — 3z + 2z over the interval

0,3].

Answer 19 :

To find the local and global minima/maxima of the function k(z) = 23> — 3z + 2z over the interval [0, 3], we
follow these steps:

Step 1: Finding Critical Points

The derivative of k(z) is:

K (z) = 32° — 6z + 2

To find the critical points, we set k' (z) equal to zero and solve for z :
3¢’ —6x+2=0

This is a quadratic equation, and we can use the quadratic formula to find the solutions:

B —b+ Vb —4dac
- 2a

£

In this case,a = 3,b = —6, and ¢ = 2. Plugging these values into the quadratic formula, we find two critical

points:
w1:1+\/§, szl—\/§

Step 2: Second Derivative Test
Now, we need to determine the nature of these critical points. To do this, we compute the second derivative

(k" (x) :
K'(zx) =6z — 6
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Evaluate k" () at each critical point:

For:czl—i—\/g
K'(1++v3)=6(1++3)—6
Forz=1—+3:

K'(1—+3)=6(1—v3)—6

To determine the nature of these points, we check if k”(x) is positive or negative at each point.
-Forz =1+ v3,k" (z) is positive (greater than zero), indicating a local minimum.

-Forz =1—+/3,k" (x) is negative (less than zero), indicating a local maximum.

Step 3: Checking Endpoints

Next, we evaluate k(x) at the endpoints of the interval [0, 3] :
Atz=0:%k(0)=0

Atz =3:k(3)=27T—-274+6=26

Step 4: Comparing Function Values

Now, we compare the values of k(x) at the critical points, endpoints, and any other points of interest to identify
local and global minima/maxima:

- k(1 4 +/3) : This is a local minimum, but not a global minimum.

- k(1 — \/5) : This 1s a local maximum, but not a global maximum.

- k(0) : This is a local minimum.

- k(3) : This is a local minimum.

Among these values, k(3) has the largest value, making it the global maximum, and £(0) has the smallest value,
making it the global minimum.
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Summary of Results:

- Global Minimum: k(0) = 0 occurs at = 0.

- Global Maximum: k(3) = 6 occurs at z = 3.

- Local Minimum: k(0) = 0 occurs at z = 0.

- Local Maximum: None exist in the interval [0, 3].

These results are based on the analysis of critical points, endpoints, and the behavior of the function over the
given interval.
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Question 20: Solve an optimization problem using the Lagrange multipliers method. Maximize f(z,y) = zy
subject to the constraint g(z,y) = z? + * = 1.

Answer 20 :

The Lagrange multipliers method is used to optimize a function subject to equality constraints. In this case, we
want to maximize the function f(z,y) = zy while satisfying the constraint g(z,y) = 2 + 9> = 1

To use the Lagrange multipliers method, we set up the following system of equations:

The objective function: f(z,y) = xy

2. The constraint equation: g(z,y) = > + 3* — 1

3. The Lagrangian function: L(z,y, \) = zy — )\(azz + 9% — 1)

Next, we find the partial derivatives of the Lagrangian with respect to x, y, and A, and set them equal to zero:

—g—i’:y—2)\m:

From the first two equations, we can solve for y in terms of  and A :
y = 2Az( Equation 1)
Now, substitute this expression for y into the third equation:

> + (22z)? =1 =0
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Simplify the equation:

22 +4\%22 -1 =0

Combine like terms:
(1+4X)z? —1=0

Now, solve for z2 :

5 1

r° = ——( Equation 2
1+4A2( 4 )

Using Equation 1, we can also express y in terms of « and A :
y=2)\x

Now, we have expressions for  and y in terms of A :

1
xr = | ——————( Equation 3
\/ 1 +4)\2( 4 )
2\ _r ( Equation 4)
— uatlon
Y 1+ 4)2 4

Now, we can maximize the objective function f(x,y) = zy using these expressions. Substitute Equations 3 and

4 into f(x,y) :
1
Y) =T 2d3y | ———
f@:y) =2 - 224 [T
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Now, we can maximize the objective function f(z,y) = zy using these expressions. Substitute Equations 3 and

4 into f(z,y) :
f@,) =2 2| —
T,Y) =T 2 x4 | ————
Y 1+ 4\
f(z,y) = 2\z? _1
Y 14 4)2

Now, we maximize f(x,y) by taking the derivative with respect to A and setting it equal to zero:

_d_z e _9\z2—(12+4 —
X T n 33 )\332( + )\) 0

222V 1+ 402 — A2 (1 + 432

Simplify:

(][0

Simplify the equation:

0

3
Multiply both sides by ( 1+ 4)\2) ? to clear the radical:

22°V 1+ 4\*(1 +4>\2)% — Az’ =0
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Now, solve for A :

22°V 1+ 4X*(1 +4>\2)% = Az’
2V/1+ 4N (1 + 4X%)7 = A
2VT+ 4N (1+4X%)2 —A=0

Now, this equation can be solved for A. The value of A that maximizes the objective function f(z,y) = zy
while satisfying the constraint g(z,y) = z* + y*> = 1 will give the maximum value of (f(z, y).

This equation is a bit complex to solve by hand, and typically, numerical methods would be used to find the

exact value of \. If you'd like, I can attempt to provide a numerical approximation of A, or I can assist with
further steps in the solution.
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Question 14: Explain the concept of constrained optimization and the use of Lagrange multipliers.

Answer 14:

Constrained optimization is a mathematical problem-solving technique where you want to find the maximum or
minimum of a function subject to one or more constraints. The constraints restrict the feasible solutions to a
subset of the overall solution space. In other words, you're optimizing a function while adhering to certain
limitations.

Lagrange multipliers are a mathematical tool used in constrained optimization to incorporate constraints into the
optimization process. The key idea is to introduce new variables (Lagrange multipliers) for each constraint and
create a new function called the Lagrangian.

Given an objective function f(z1, x2,...,x,) that you want to maximize or minimize, subject to constraints
g91(x1,x2,...,2,) = c1, g2(1, X2, ..., T,) = C2, and so on, the Lagrangian is:

[.:(331,332, « ooy Lny A17 )‘27 ce 0 >‘m) — f($17$27 . '7xn) + Z A'i[gz'(mlam% <. °7mn)_
i=1

Here, A1, Ao, ..., A, are the Lagrange multipliers associated with each constraint.

The stationary points of the Lagrangian, where the gradient of the Lagrangian with respect to all variables is
zero, provide potential solutions to the constrained optimization problem. The Lagrange multipliers help
incorporate the constraints into the optimization process and ensure that the solutions satisfy the given
constraints.

Solving for the stationary points and evaluating the Lagrangian at these points helps identify the optimal
solution that maximizes or minimizes the objective function while respecting the constraints.
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Question 15: Differentiate between local and global minima/maxima in the context of optimization.

Answer 15:
In the context of optimization, local and global minima/maxima refer to the characteristics of solutions for an
objective function within a given problem.

- Local Minima/Maxima: A local minimum (or maximum) is a solution where the objective function reaches the
lowest (or highest) value within a small neighborhood of the solution. In other words, the solution is the best
within a limited region, but it might not be the best possible solution in the entire solution space. To identify
local extrema, you can use first and second derivative tests or optimization techniques like gradient descent.
Local extrema are commonly found in complex functions with multiple peaks and valleys.

- Global Minima/Maxima: A global minimum (or maximum) is a solution where the objective function reaches
the lowest (or highest) value over the entire solution space. It is the best solution out of all possible solutions
and 1s not surpassed by any other solution. Finding global extrema 1s often more challenging and requires a
comprehensive search of the entire solution space. Global extrema are typically the sought-after solutions in
optimization problems because they represent the best possible outcomes.

The key difference between local and global extrema is that local extrema are confined to small regions, while
global extrema are the absolute best solutions over the entire problem domain. In practical applications, it is
important to distinguish between the two to ensure that you find the most desirable solution for the given
problem.

¢ week| - Foundations / Elements of calculus for statistics and ML Baptiste Mokas



Question 15: Differentiate between local and global minima/maxima in the context of optimization.

Answer 15:
In the context of optimization, local and global minima/maxima refer to the characteristics of solutions for an
objective function within a given problem.

- Local Minima/Maxima: A local minimum (or maximum) is a solution where the objective function reaches the
lowest (or highest) value within a small neighborhood of the solution. In other words, the solution is the best
within a limited region, but it might not be the best possible solution in the entire solution space. To identify
local extrema, you can use first and second derivative tests or optimization techniques like gradient descent.
Local extrema are commonly found in complex functions with multiple peaks and valleys.

- Global Minima/Maxima: A global minimum (or maximum) is a solution where the objective function reaches
the lowest (or highest) value over the entire solution space. It is the best solution out of all possible solutions
and 1s not surpassed by any other solution. Finding global extrema 1s often more challenging and requires a
comprehensive search of the entire solution space. Global extrema are typically the sought-after solutions in
optimization problems because they represent the best possible outcomes.

The key difference between local and global extrema is that local extrema are confined to small regions, while
global extrema are the absolute best solutions over the entire problem domain. In practical applications, it is
important to distinguish between the two to ensure that you find the most desirable solution for the given
problem.

¢ week| - Foundations / Elements of calculus for statistics and ML Baptiste Mokas



Question 16: Define and explain the Hessian matrix and its role in optimization problems.

Answer 16:

The Hessian matrix is a square matrix of second partial derivatives of a multivariable function. It is a critical
concept in optimization problems, particularly in determining the nature of critical points and the convexity or
concavity of a function.

For a function f(z1,x2,..., ), the Hessian matrix H is defined as:
B S
Ox? O0x10z 0,10z,
o’ f 0°f . 0’ f
0r2011 o2 O0xo0zy,
H = ?
0'f or ... 9t
| 8$n8$1 8$n63}2 ami _

The Hessian matrix contains information about the second-order partial derivatives of the function, which
allows us to analyze the curvature of the function's surface. Its role in optimization is crucial for the following
reasons:

- Determining Critical Points: Critical points (where the gradient is zero) of the function can be identified using
the Hessian matrix and first-order derivatives. Depending on the eigenvalues of the Hessian matrix, we can
classify these critical points as maxima, minima, or saddle points.

- Assessing Convexity and Concavity: The eigenvalues of the Hessian matrix are indicative of the convexity or
concavity of the function at a given point. Positive eigenvalues indicate convexity, and negative eigenvalues
indicate concavity. This information helps in distinguishing between local minima and maxima.

- Optimization Algorithms: Many optimization algorithms, such as Newton's method and the Levenberg-
Marquardt algorithm, use the Hessian matrix to accelerate the search for optimal solutions. It provides
information on the curvature of the objective function, allowing for more efficient convergence to the solution.
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indicate concavity. This information helps in distinguishing between local minima and maxima.

- Optimization Algorithms: Many optimization algorithms, such as Newton's method and the Levenberg-
Marquardt algorithm, use the Hessian matrix to accelerate the search for optimal solutions. It provides
information on the curvature of the objective function, allowing for more efficient convergence to the solution.
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Question 17: Describe the concept of the gradient descent algorithm and its role in optimization.

Answer 17:

The gradient descent algorithm is a fundamental optimization technique used to find the minimum of a function.
It is widely applied in machine learning, numerical optimization, and various fields where optimization
problems arise. The primary idea behind gradient descent is to iteratively update the parameters (variables) of a
function to minimize the function's value.

Here is how gradient descent works:

1. Initialization: Choose an initial set of parameter values, denoted as xg.

2. Iteration: At each iteration, calculate the gradient (or derivative) of the objective function with respect to the
parameters. The gradient points in the direction of the steepest increase of the function.

3. Update: Adjust the parameter values in the opposite direction of the gradient to decrease the function's value.
This is done using the following formula:

Tpr1 = xx — aV f(xg)

Where:

- x}, 1s the parameter vector at iteration k.

- V f(xx) is the gradient of the objective function at xy.

- o 18 the learning rate, a hyperparameter that controls the step size. It's chosen carefully to ensure convergence.
4. Convergence: Continue the iteration until a stopping criterion is met. Common criteria include a maximum
number of iterations, achieving a small gradient norm, or the function value reaching a certain threshold.
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The gradient descent algorithm is essential in optimization for the following reasons:

- Efficiency: It's an efficient method to find local minima of a function, and with proper hyperparameter tuning,
it can often find good solutions.

- Widely Applicable: Gradient descent is used in various fields, from machine learning (e.g., training neural
networks) to numerical optimization problems in engineering and science.

- Scalability: It can be applied to high-dimensional optimization problems, making it suitable for problems with
many variables.

- Parallelization: Variants like stochastic gradient descent and mini-batch gradient descent can be parallelized,
which is useful for large-scale optimization.

However, gradient descent has its challenges, such as selecting an appropriate learning rate and avoiding
convergence to suboptimal solutions. Various variants and improvements, like momentum, RMSprop, and
Adam, have been developed to address these issues.
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Question 18: Explain the concept of vector spaces and provide an example.

Answer 18:

A vector space 1s a fundamental mathematical structure in linear algebra that consists of a set of vectors along
with two operations: vector addition and scalar multiplication. These operations satisfy a set of axioms, which
include closure properties and associativity. Vector spaces are a generalization of the properties of vectors in
Euclidean space and are used to study a wide range of mathematical and physical phenomena.

The key properties of a vector space include:

1. Closure under Addition: For any two vectors u and v in the vector space, the sum u + v is also in the vector
space.

2. Closure under Scalar Multiplication: For any vector u in the vector space and any scalar a, the product au is
also in the vector space.

3. Associativity of Addition: Addition of vectors is associative, meaning that (v + v)4+ w = u + (v + w) for all
vectors u, v, and w in the vector space.

4. Identity Element for Addition: There exists a vector (often denoted as 0 ) in the vector space such that

u + 0 = u for all vectors u in the vector space.

5. Inverse Elements for Addition: For every vector u in the vector space, there exists a vector —u such that
u+ (—u) =0.

6. Distributive Properties: Scalar multiplication distributes over vector addition and scalar addition.

A classic example of a vector space is R", which represents n-dimensional real vectors. The vectors in R" have
components x1, xo, ..., L, and can be added together and multiplied by scalars. The zero vector O is the vector
whose components are all zeros.

Vector spaces are fundamental in linear algebra and have applications in diverse fields, including physics,
engineering, computer graphics, and data analysis.
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Question 19: Explain the concept of matrix inversion and under what conditions a matrix is invertible.

Answer 19:

Matrix inversion is the process of finding the inverse of a square matrix, which is another matrix that, when
multiplied by the original matrix, yields the identity matrix. In other words, for a matrix A, if there exists a
matrix A~! such that AA~! = I, where I is the identity matrix, then A is said to be invertible (or non-singular).

The conditions for a matrix to be invertible are as follows:

1. Square Matrix: The matrix must be square, meaning it has the same number of rows and columns. In other
words, if A4 is an m X n matrix, then m = n.

2. Non-Zero Determinant: The determinant of the matrix must be non-zero. If det(A) # 0, it indicates that the
matrix has a unique solution when used to solve systems of linear equations.

3. Full Rank: The matrix must have full rank, which means all its rows and columns must be linearly
independent. In other words, the rows and columns should not be redundant or linearly related.

When these conditions are met, the matrix A is invertible, and its inverse, denoted as A~ !, exists. Finding the
inverse of a matrix is an essential operation in linear algebra because it allows for solving systems of linear
equations and various transformations.

The inverse matrix A~! has the property that when multiplied by A, the result is the identity matrix I :

AA T =T
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Question 20: Explain the concept of Lagrange multipliers and their role in constrained optimization.

Answer 20:

Lagrange multipliers are a mathematical technique used in constrained optimization to incorporate constraints
into the optimization process. They are named after the Italian-French mathematician Joseph-Louis Lagrange,
who contributed significantly to the field of calculus of variations.

In a constrained optimization problem, you aim to find the maximum or minimum of an objective function
subject to one or more constraints. Lagrange multipliers provide a systematic way to include these constraints in
the optimization problem.

The basic idea is to create a new function, known as the Lagrangian, that combines the objective function and

the constraints. For an objective function f(z1, xs,...,x,) and constraints
g91(x1,29,...,2,) = c1,92(x1, X2, ...,%,) = C2,and so on, the Lagrangian is defined as:
m

£($1,2132, R )mna)\la)\% e ',)‘m) — f(mhmZa e 7mn) + ZAi[gi(mlam% .o wmn) - Ci]
i=1

Here:

- x1, X9, ..., I, are the variables of the objective function.

- A1, A9, ..., Ay, are Lagrange multipliers, one for each constraint.
- ¢c1,C9, . .., Cp are the constants that the constraints are set to.

By introducing the Lagrange multipliers, you transform the constrained optimization problem into an
unconstrained problem. The critical points of the Lagrangian, where the gradient of the Lagrangian with respect
to all variables and Lagrange multipliers is zero, correspond to potential solutions to the original constrained
optimization problem.

Lagrange multipliers play a crucial role in ensuring that the solutions found satisfy the given constraints. They
provide a method to balance the objectives of minimizing or maximizing the objective function while adhering
to the constraints. This approach is widely applied in various fields, including economics, engineering, physics,
and machine learning, to solve constrained optimization problems.
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Now, for each eigenvalue, we find the corresponding eigenvector by solving the system of equations:
__ 5+v5 .
For A = =5~ :

(A— )\I)’Ul =0

_1—{2—\/3 1 1 B 0
1 —1-|2-\/5 o - 0

Solving this system, we find the eigenvector v :

1
U= 1145
2

For A = 5_2‘/5 ,
(A — )\I)’Uz =0
1 SEVRRER [0
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Question 14: Explain the concept of constrained optimization and the use of Lagrange multipliers.

Answer 14:

Constrained optimization is a mathematical problem-solving technique where you want to find the maximum or
minimum of a function subject to one or more constraints. The constraints restrict the feasible solutions to a
subset of the overall solution space. In other words, you're optimizing a function while adhering to certain
limitations.

Lagrange multipliers are a mathematical tool used in constrained optimization to incorporate constraints into the
optimization process. The key idea is to introduce new variables (Lagrange multipliers) for each constraint and
create a new function called the Lagrangian.

Given an objective function f(x1,xs,...,x,) that you want to maximize or minimize, subject to constraints
g1(x1, 22, ..., 2,) = c1, go(x1, X2, ..., T,) = Ca, and so on, the Lagrangian is:

L(.’Bl,iBQ, e ooy Ly, )\1, )\2, ceey )\m) = f(wl,zcz, - .,.’En) + Z )\,-[gz-(azl, Ly - - .,a:n)—
=1

Here, A1, Ao, ..., A, are the Lagrange multipliers associated with each constraint.

The stationary points of the Lagrangian, where the gradient of the Lagrangian with respect to all variables is
zero, provide potential solutions to the constrained optimization problem. The Lagrange multipliers help
incorporate the constraints into the optimization process and ensure that the solutions satisfy the given
constraints.

Solving for the stationary points and evaluating the Lagrangian at these points helps identify the optimal
solution that maximizes or minimizes the objective function while respecting the constraints.
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