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KNOWLEDGE TREE

Part 1: Foundations of Systems Theory

1.1 Basic Concepts of Dynamic Systems

e  Definition of Dynamic System
e State Spaces and Phase Spaces
e  Equilibrium Points and Stability

1.2 Analysis of Linear Systems

e Linear Dynamics
e Trajectory and Differential Equations
e  Perturbation Theory

1.3 Exploration of Non-linear Systems

e Bifurcation and Non-linear Dynamics
e Chaos and Attractors
e Invariant Measures and Lyapunov Exponents

Part 2: Discrete Dynamics

2.1 Foundations of Discrete Dynamics

e Definition and Examples of Discrete Dynamics
e lteration and Difference Equations

2.2 Fixed Points, Orbits, and Limit Cycles

e Identification of Fixed Points and Orbits
e  Bifurcation Analysis
e Limit Cycles and Oscillations

2.3 Behavioral Analyses and Cobweb Diagrams

e Construction of Cobweb Diagrams
e  Behavior Analysis via Cobweb Diagrams
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Part 3: Continuous Dynamics and Complex
Systems

3.1 Basics of Continuous Dynamics

e Differential Equations and Flow
e Phase Analysis and Limit Cycles

3.2 Advanced Theories and Theorems

e Liouville's Theorem and Recurrence Theorem
e Control Theory and Hamiltonian Systems
e Ergodicity Theorem
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DEFINITION OF A

DYNAMIC SYSTEM

Part 1: Foundations of Systems Theory

1.1 Basic Concepts of Dynamic Systems

In continuous time, a

Description: p : t b Lotka Volterra equation plot
A dynamic system is a mathematical framework YHAMIC SYSIEm Can be 600 .| i o SR, PRI S NN M e
, ) described by a differential |t e Mo o B B R g
used to model how a variable or set of variables : / Wi
, , equation, such as:
change over time. It's often represented by 500 - f
differential equations in continuous time or by 17
difference equations in discrete time. da'/‘ 400
Reference: — f ( L , t) " '
"Nonlinear Dynamics and Chaos" by Steven H. dt 300-
Strogatz.
200-
Link to Biology:
| =lotody o Where x represents the
Dynamic systems are used extensively in biology to . 100-
model population dynamics, ecological state variables,
interactions, and the dynamics of biochemical t1s time, and f(x.?) | | | l | ] | |
reactions. defines the rate of 0 100 200 300 400
change. ’
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STATE SPACE AND

PHASE SPACE

Part 1: Foundations of Systems Theory

1.1 Basic Concepts of Dynamic Systems

Description:
State space encompasses all possible states of a

Time Series Phase Portrait
|

I I
\ . I
system, while phase space extends this concept by T \Josttion |
o L] L] o . I I I
including derivatives, allowing for a more | | |
) ) . | | | .
comprehensive representation of system behavior.. | ! _P:Sltlon

Magnitude

Reference:
"Chaos in Dynamical Systems" by Edward Ott.
Differential equations, a tourist's quide | DE1

—_—_——————

. . Velocity
Link to Biology:

Phase space analysis is used to study the behavior
of neural networks in neuroscience. @ Differential equations, at.. O 2/ ™

youtube.com

An overview of what ODEs are all about Help fund
future projects: https://www.patreon.com/3blue...
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https://www.youtube.com/watch?v=p_di4Zn4wz4&list=PLZHQObOWTQDNPOjrT6KVlfJuKtYTftqH6

EQUILIBRIUM POINT

AND STABILITY

Part 1: Foundations of Systems Theory

1.1 Basic Concepts of Dynamic Systems

In continuous time, a
dynamic system can be
described by a differential
equation, such as:

Description:

Equilibrium points are states where system
variables remain constant over time. Stability
analysis assesses whether these points are

attracting (system converges) or repelling (system

diverges). d :I;

Reference: — O
"Stability Analysis of Nonlinear Systems" by Hassan

K. Khalil. dt

Link to Biology:

Equilibrium points are essential for analyzing the

stability of ecological systems, such as

predator-prey dynamics. tis time, and f{x,?)
defines the rate of
change.

Where x represents the
state variables,
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LINEAR DYNAMICS

Part 1: Foundations of Systems Theory

1.2 Analysis of Linear Systems Y

Description: y — Xﬂ —|_ g

Linear dynamics involve systems where

relationships between variables are linear.

These systems can be described by linear

differential equations and exhibit proportional e vy isa vector of observed values
responses.

e X may be seen as a matrix of row-vectors Xi.
Reference:

"Linear Systems and Signals” by B.P. Lathi. : : :
y J y e Betaisa (p+ 1) -dimensional parameter vector,

Link to Biology: where Bo 1s the intercept term. Its elements are

Linear models are applied to describe the known as effects or regression coefficients 1Y
elimination of drugs from the body in

pharmacokinetics.

e cis a vector of values ei. This part of the model 1s
called the error term,
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TRAJECTORY AND

DIFFERENTIAL EQUATION

Part 1: Foundations of Systems Theory

1.2 Analysis of Linear Systems

e Trajectory and Differential Equations

You need to solve this

Trajectory analysis focuses on understanding the differential: ¥ BEREY IR
paths that a system's state follows over time. ; s 16 \ x \S
Differential equations describe these paths 3 BRE : il Iy I A 1y ////
thematically d i [P Lt a479 /./—-('"t'
ma | L . RERER f RCERR
IR — f ( T t) i RERRSE SRS SRR
dt ’ Hit sy

Reference: ¥ 1 Ry /}‘; ; 7‘ 4 7’
"Differential Equations and Their Applications" by | ERY : ]/f f { {{{‘7/(

Martin Braun.

Link to Biology:
Differential equations are used extensively to model
the spread of infectious diseases in epidemiology.
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PERTURBATION

THEORY

Part 1: Foundations of Systems Theory

1.2 Analysis of Linear Systems

e  Perturbation Theory

Description:

Perturbation theory is a mathematical tool used to
study systems where small disturbances are
introduced to a known system. It enables the
analysis of system responses to perturbations.

Reference:
"Perturbation Methods" by E.J. Hinch.

Link to Biology:
Perturbation theory is employed to understand the

response of biological systems to external stimuli,
such as changes in environmental conditions.
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BIFURCATION & NON-LINEAR

DYNAMICS

Part 1: Foundations of Systems Theory

1.3 Exploration of Non-linear Systems

Description:

Non-linear systems exhibit complex behaviors,
including bifurcations, which are abrupt qualitative
changes in system behavior as parameters vary.

Reference: = 0

"Dynamics and Bifurcations" by Jack K. Hale and 0.2
Huseyin Kocak. 24 \\sx%\\

Link to Biology
Bifurcation analysis is applied to ecological models

to understand shifts in species dominance and 2 A5 1 05 0
ecosystem stability.

0.8

]
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CHAOS AND

ATTRACTORS

Part 1: Foundations of Systems Theory

1.3 Exploration of Non-linear Systems

e (Chaos and Attractors

Description:

Chaos theory deals with systems that are highly
sensitive to initial conditions, leading to seemingly
random behavior. Attractors represent stable states
within chaotic systems.

Reference:
"Chaos: Making a New Science" by James Gleick.

Link to Biology:
Chaos theory is used to model irregular heart

rhythms and the dynamics of neural networks in
neurobiology

The lorenz equation :

At o(y — )

— =xy— Pz

e weeki
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INVARIANT

MEASURES

Part 1: Foundations of Systems Theory

1.3 Exploration of Non-linear Systems

e Invariant Measures and Lyapunov Exponents

The lorenz equation :
Description:

Invariant measures describe the long-term 1 ||’U(t) H
statistical behavior of non-linear systems, while A= lim —In
Lyapunov exponents measure the rate of divergence t—oo ¢ H’U(O) H

or convergence of nearby trajectories.

Reference:
"Chaos and Nonlinear Dynamics: An Introduction
for Scientists and Engineers" by Robert C. Hilborn. e

v ik A
Link to Biology: A PRI
Lyapunov exponents are used in the analysis of P e // BREEE
heart rate variability and the prediction of epileptic d\_yﬂ/ -
seizures in neurobiology. = s
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DISCRETE DYNAMICS

Part 2: Discrete Dynamics

2.1 Foundations of Discrete Dynamics

e Definition and Examples of Discrete Dynamics

Description:

Discrete dynamics involve systems that change in
discrete time steps, often described by difference
equations. This section defines discrete dynamics
and provides practical examples.

Schematic Idea: A discrete time-step diagram
illustrating how a variable evolves.

Reference:
"Nonlinear Dynamics and Chaos" by Steven H.
Strogatz.

Link to Biology:
Discrete dynamics are used to model population

growth and interactions between species in
ecology.
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DISCRETE DYNAMICS

Part 2: Discrete Dynamics

2.1 Foundations of Discrete Dynamics

e Definition and Examples of Discrete Dynamics

Equation: Demo:
Let z; be the state of the system at time ¢. A basic form of discrete dynamics is given by: Imagine a population of organisms that doubles each year. This can be
modeled using the difference equation:
zi+1 = f(at)
Tiv1 = 2T
Here, f is some function that determines the next state of the system based on its current state. o _ _ o
Construction: Suppose the initial population x¢ 1s 100 . The population in the next year
1. Start with an initial condition, z;. would be z; = 2(100) = 200, and in the year after 5 = 2(200) = 400,
2. To find the state of the system at the next time step, ¢ + 1. evaluate f at z;. and so forth.
3. Continue this process for as many time steps as desired.
= 31.67
30
25
References: » 21.67
o 20 18.33
e  Hirsch, M.W., Smale, S., & Devaney, R.L. (2012). Differential Equations, Dynamical Systems, and S 16.67
an Introduction to Chaos. Elsevier. & 4t
e  Flaydi, S.N. (2005). An Introduction to Difference Equations. Springer. g
10

6.67
. C
0

15-29 yrs 30-39 yrs 40-49 yrs 50-59 yrs 60-69 yrs >70yrs

Age(years)
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DIFFERENCE

EQUATIONS

Part 2: Discrete Dynamics

2.1 Foundations of Discrete Dynamics

e lteration and Difference Equations

Description:

Discrete systems are governed by difference
equations that define how variables change from
one time step to the next. Iteration involves
repeatedly applying these equations.

Schematic Idea: A flowchart showing the iterative
process in a difference equation.

Reference:

"Difference Equations: An Introduction with
Applications" by Walter G. Kelley and Allan C.
Peterson.

Link to Biology:

Difference equations are employed to model the
discrete reproduction and growth of populations in
ecological studies.
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DIFFERENCE

EQUATIONS

Part 2: Discrete Dynamics

2.1 Foundations of Discrete Dynamics

e lteration and Difference Equations

Equation:
The general form of a first-order difference equation is given by:

LTntl = f(mn)

where x,, represents the state of the system at time n and f is a function describing the evolution of
the system.

Construction:

Difference equations arise naturally when modeling systems that evolve over discrete time steps.
They can describe a variety of systems, ranging from population growth to economic models. The
specific function f defines the dynamics of the system.

References:

e Elaydi, S. (2005). An introduction to difference equations. Springer Science & Business Media.
e Kelley, W., & Peterson, A. C. (2001). Difference equations: An introduction with applications.
Academic Press.

Demo:

Consider a simple model of population growth where a population at time

n doubles at the next time step:
LT+l = 2z,

Suppose the initial population ¢ is 1 . Then:

I = 2(1) = 2
zo = 2(2) = 4
I3 = 2(4) =8

.. and so on.
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ORBIT & FIXED POINT

Part 2: Discrete Dynamics

2.2 Fixed Points, Orbits, and Limit Cycles

e Identification of Fixed Points and Orbits

Description:

Fixed points in discrete systems are states where
the system remains unchanged over one time step.
Orbits are sequences of states that repeat
periodically.

Schematic Idea: A graphical representation showing
the identification of fixed points and orbits.

Reference:
"Nonlinear Dynamics and Chaos" by Steven H.
Strogatz.

Link to Biology:

Fixed points and orbits are used to analyze the
stability of ecological systems, such as
predator-prey interactions.

* 2.2.1Identification of Fixed Points and Orbits:

* Equilibrium condition: Fixed points are found by

solving &£,11 = Tn-

Ki
scientific workflow system
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ORBIT & FIXED POINT

Part 2: Discrete Dynamics

2.2 Fixed Points, Orbits, and Limit Cycles

e Identification of Fixed Points and Orbits

Equation:
Given a function f : R — R representing our dynamical system, the sequence:

T f(xn)

1s called the orbit of .
A fixed point, z*, of the function is a value such that:

f(z%) =«

Construction:

The concept of an orbit relates to the evolution of an initial state over time under the influence of a
dynamical system. For discrete dynamical systems, this evolution is given by repeatedly applying
the function f.

A fixed point is a special kind of state. If the system starts in this state, it will remain in this state
indefinitely.

References:

e  Strogatz, S. H. (2014). Nonlinear dynamics and chaos: with applications to physics, biology,
chemistry, and engineering. CRC Press.

e  May, R. M. (1976). Simple mathematical models with very complicated dynamics. Nature,
261(5560), 459-467.

Demo:
Consider the logistic map:

f(2) =¢x2 x{l—=x)

where r is a positive parameter.
Forr=2:
Lp+l = an(l - mn)

If.’llo =0.5:

... and so on.
Here, 0.5 is a fixed point for r = 2 since f(0.5) = 0.5.
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BIFURCATION

ANALYSIS

Part 2: Discrete Dynamics

2.2 Fixed Points, Orbits, and Limit Cycles

e  Bifurcation Analysis

Description:

Bifurcation analysis refers to the study of changes in the qualitative or
topological structure of a given family of solutions as parameters are * 2.2.3 Limit Cycles and Oscillations:
varied. In other words, it examines how small changes in system
parameters can lead to sudden, significant changes in behavior.

* Example: A simple example of a limit cycle can be

B.ifurcations mark the bo.undaries in pararpeter sp.acg between represented by 3 Iogistic map:
different types of dynamics (e.g., fixed points, periodic cycles, or
chaotic behavior). The term "bifurcation” is derived from the Latin word Tpnil1 = Ty ( = ;z:n)

"bifurcus,’ meaning "split into two branches,” which aptly describes how
a system's dynamics can split into different behaviors as parameters
change.

Reference:
Kuznetsoy, Y. A. (2013). Elements of applied bifurcation theory.
Springer Science & Business Media.

Link to Biology:

Neurobiology: Neurons display different firing patterns (like spiking,
bursting, etc.) depending on input currents and other parameters.
Bifurcation analysis helps in understanding the transition between
these firing patterns.
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BIFURCATION

ANALYSIS

e weeki

Part 2: Discrete Dynamics

2.2 Fixed Points, Orbits, and Limit Cycles

e  Bifurcation Analysis

Equation:

While there isn't a single "bifurcation equation," bifurcation points arise in mathematical systems when
solutions change their stability or new solutions appear as parameters vary. One of the simplest systems
to demonstrate this is the logistic map:

Ty =0Tn(1—®5)

In this equation, x,, represents the population at time n, and r is a positive constant, the growth rate. As r
varies, the system undergoes various bifurcations.
Construction:
1. Fixed Points: For a fixed point * of the system, z,,,1 = z,. Setting z,, 1 equal to z,, in the logistic
map gives:

z* =rz*(l—2%)

From which you can derive the fixed points of the system.

1. Stability Analysis: The stability of the fixed points can be determined using linear stability analysis.
For the logistic map, this involves looking at the absolute value of the derivative of the right-hand side
with respect to « evaluated at the fixed point. If it's less than 1 , the fixed point is stable; if greater than 1,
it's unstable.

References:

e  Strogatz, S. H. (2014). Nonlinear dynamics and chaos: with applications to physics, biology,
chemistry, and engineering. CRC Press.

e  May, R. M. (1976). Simple mathematical models with very complicated dynamics. Nature,
261(5560), 459-467.

Demo:

For the logistic map, as r increases:

1. For r < 3, there's a single stable fixed point.

2. At r = 3, a bifurcation occurs: the previously stable fixed point becomes unstable, and
two new stable fixed points appear.

3. Further bifurcations happen at values like r ~ 3.44949, r ~ 3.54409, and so on, each
time doubling the number of stable fixed points.

4. Beyond r = 3.57, the system becomes chaotic, exhibiting sensitive dependence on
initial conditions.
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OSCILLATIONS

Part 2: Discrete Dynamics

2.2 Fixed Points, Orbits, and Limit Cycles

e Limit Cycles and Oscillations

Description:

Oscillations refer to the repetitive variation, typically in time, of some
measure about a central value or between two or more different
states. In biology, oscillations can refer to cycles or rhythms found in
organisms, like circadian rhythms, heartbeats, or oscillations in
predator-prey populations.

Reference:

Goldbeter, A. (1996). Biochemical oscillations and cellular rhythms:
The molecular bases of periodic and chaotic behavior. Cambridge
University Press.

Link to Biology:
Circadian Rhythms: Nearly all living organisms have a day-night cycle
that regulates sleep, feeding, and other physiological processes.

Cell Cycle: The regular sequence of growth and division that cells
undergo.
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OSCILLATIONS

Part 2: Discrete Dynamics

2.2 Fixed Points, Orbits, and Limit Cycles

e Limit Cycles and Oscillations

Equation:

For a simple harmonic oscillator, the equation is: II:)Oe:.I:Eé simple harmonic oscillator:
P 1. Displace the system from its equilibrium position.
—= 4 e =0 2. Let it go, and it will oscillate about the equilibrium. The motion is sinusoidal if there's no
dt* damping.
3. If damping is present, the amplitude of oscillation decreases with time until the system comes to a
Where w is the angular frequency of the oscillation and @ is the displacement from the equilibrium position. stop.

Construction:

1. Equilibrium: The position where the system is stable without any external force.

2. Restoring Force: A force that always acts to pull the system back towards equilibrium.
3. Damping: Resistance that decreases the amplitude of the oscillation over time.

References:

e  Taylor, J. R. (2004). Classical mechanics. University Science Books.
e  Murray, J. D. (2002). Mathematical biology: I. An introduction (3rd ed.). Springer..
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COWEB DIAGRAMS

Part 2: Discrete Dynamics

2.3 Behavioral Analyses and Cobweb Diagrams

e  Construction of Cobweb Diagrams

Description:

Coweb diagrams, also known as cobweb plots, are a visual tool used
to study the dynamics of iterated functions, specifically to
understand convergence to fixed points or periodic orbits. They are
particularly useful in analyzing one-dimensional discrete dynamical
systems. The diagram provides a geometrical view of successive
iterations of the function and can help to visually determine the
stability of an equilibrium.

Reference:
Devaney, R. L. (1989). An introduction to chaotic dynamical systems
(2nd ed.). Addison-Wesley.

Link to Biology:

In biology, coweb diagrams can be used to analyze population
dynamics modeled by discrete-time models (difference equations).
For instance, studying how populations evolve from one year to the
next, taking into consideration factors like reproduction rate and
resource limitations.
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COWEB DIAGRAMS

Part 2: Discrete Dynamics

2.3 Behavioral Analyses and Cobweb Diagrams

e  Construction of Cobweb Diagrams

Demo:
Equation: 1. Suppose we take a simple logistic map, f(z) = r&(1 — &) where r is a parameter.
For a generic iterated function, the relation can be expressed as: 2. Start with an initial value, say ¢y = 0.2 and r = 3.5.
3. Using the coweb diagram, you can visualize how the population x evolves over discrete

Tni1 = f(2n) time steps.

Construction:

1. Plot the function f(z) and the line y = x on the same graph.

2. Start with an initial value xy.

3. To find x;, move vertically from the point (z¢, 0) to intersect the curve y = f(z). This point has
coordinates (zg, f(zo)).

4. Move horizontally to the line y = z. This gives the point (f(zg), f(2o)) which corresponds to z;. 1.0 1
5. Repeat this process iteratively to visualize the dynamics of the system.
0.8
0.6
0.4 -
References:
e  May, R. M. (1976). Simple mathematical models with very complicated dynamics. Nature, 0.2 1
261(5560), 459-467.
e  Strogatz, S. H. (2014). Nonlinear dynamics and chaos: with applications to physics, biology,
chemistry, and engineering. CRC Press. 0.0

0.0 0.2 0.4 0.6 0.8 1.0
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THE FLOW

Part 3: Continuous Dynamics and Complex
Systems

3.1 Basics of Continuous Dynamics

e Differential Equations and Flow

Description:

In the context of dynamical systems, "flow" refers to the trajectory or
evolution of a system over continuous time. It can be thought of as a family
of solutions to differential equations, showing how a point in the phase
space evolves over time. In essence, a flow defines the behavior of a system
as time progresses.

Reference:
Strogatz, S. H. (2014). Nonlinear dynamics and chaos: with applications to
physics, biology, chemistry, and engineering. CRC Press.

Link to Biology:

Flows are used to model a wide variety of biological phenomena where
change is continuous. Examples include the spread of diseases, population
growth, the dynamics of neural networks, and the behavior of cellular and
molecular systems.
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THE FLOW

Part 3: Continuous Dynamics and Complex
Systems

3.1 Basics of Continuous Dynamics

e Differential Equations and Flow

: Demo:
g?:::;lzn(ii sttt Consider the simple logistic differential equation, a model for population growth:
dz T

dzx — =7z (1 - —)

I = F(;z;) dt K
The flow is defined by the solutions to this differential equation. wl_lere J 1s. ﬂ_le, ngth_ I:ate and. I i thg carying capacity. ) , ,
neEoR: Given an initial condition and values for r and K, you can solve this equation to obtain a
1. Start with the differential equation defining the system's behavior. trajectory (or flow) showing how the population & evolves over time.

2. Solve the differential equation, either analytically or numerically, to obtain the trajectories in
phase space.

3. These trajectories represent the flow of the system.

References:

e  Murray, J. D. (2002). Mathematical biology I: An introduction. Springer Science & Business Media.
e  Edelstein-Keshet, L. (2005). Mathematical models in biology. SIAM.
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Phase Analysis and

Limit Cycles

Part 3: Continuous Dynamics and Complex
Systems

3.1 Basics of Continuous Dynamics

Description:
Phase analysis is a method used in dynamical systems to study the behavior

of solutions in the phase space, without explicitly considering time. The
phase space is a multi-dimensional space where each dimension represents a
variable of the system. Trajectories in this space represent the evolution of
the system. A limit cycle is a special kind of trajectory in the phase space: it's
a closed curve that is isolated, meaning no trajectories spiral into or out of it
(except potentially its own).

Reference:
Strogatz, S. H. (2014). Nonlinear dynamics and chaos: with applications to
physics, biology, chemistry, and engineering. CRC Press.

Link to Biology:

Phase analysis and limit cycles have important implications in biology,
especially in modeling rhythmic or oscillatory phenomena. For instance, the
heart's regular beating can be thought of as a limit cycle, as can certain neural
firing patterns, and circadian rhythms in organisms.
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Phase Analysis and

Limit Cycles

e weeki

Part 3: Continuous Dynamics and Complex
Systems

3.1 Basics of Continuous Dynamics

Equation:
The equation for a dynamical system could look like:

E — F(:B,y)
dy

Where (z,y) are the system's variables. A limit cycle exists if there's a closed trajectory in the phase plane.

Construction:

1. Take the system of differential equations.

2. Plot nullclines (where F(z,y) = 0 and G(z,y) = 0).

3. Analyze the stability of fixed points.

4. Identify and examine closed trajectories, which could be potential limit cycles.

References:

e  FitzHugh, R. (1961). Impulses and physiological states in theoretical models of nerve membrane.
Biophysical journal, 1(6), 445-466.

e  Nagumo, J., Arimoto, S., & Yoshizawa, S. (1962). An active pulse transmission line simulating nerve
axon. Proceedings of the IRE, 50(10), 2061-2070.

Demo:
Consider the Van der Pol oscillator:

e,
a7
dy oo

For certain values of u, this system exhibits limit cycles.
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Liouville's Theorem and

Recurrence Theorem

Part 3: Continuous Dynamics and Complex
Systems

3.2 Advanced Theories and Theorems

Description:

Trajectory analysis focuses on understanding the paths that a system's state follows over time. Liouville's Theorem:
This theorem is a conservation law of classical statistical mechanics. It states that the volume of phase space is
conserved under the time evolution of a Hamiltonian system. In other words, the density of states in phase space
remains constant over time.

Recurrence Theorem (Poincaré recurrence theorem): This theorem states that almost every point in a bounded
Hamiltonian system will revisit its initial state arbitrarily closely, given a long enough time.

Reference:
Goldstein, H., Poole, C. P, & Safko, J. L. (2002). Classical Mechanics (3rd ed.). San Francisco: Addison Wesley.

Link to Biology:

Both theorems are rooted in physics but have potential applications to biological systems, especially when
considering molecular dynamics or systems that behave according to conservation laws. The recurrence theorem,
for instance, has implications for understanding the long-term behavior of certain biochemical reactions or the
dynamics of molecules in a confined space.
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Liouville's Theorem and

Recurrence Theorem

Part 3: Continuous Dynamics and Complex
Systems

3.2 Advanced Theories and Theorems

Equation:
- Liouville's Theorem:
Given a phase space density p(q,p,t) (where q and p are generalized coordinates and momenta), the equation 1s:

ap

— 410, H} =0

5 1 H}
where H is the Hamiltonian of the system, and {.}denotesthe Poissonbracket.
- Recurrence Theorem:
There 1sn't a straightforward equation for this theorem, but it can be described as:

For almost every initial point in a bounded Hamiltonian system, there exists a time ¢, such that the system will return arbitrarily
close to its 1nitial state.

Construction:

- Liouville's Theorem:

. Begin with Hamilton's equations.

. Describe the time evolution of a density distribution in phase space.

. Show that this evolution conserves the volume in phase space.

- Recurrence Theorem:

. Consider a bounded phase space.

. Analyze the trajectories over an infinite time.

. Demonstrate that almost all trajectories return arbitrarily close to their starting points.

1
2
A
3

LI o e

References:

e Arnold, V. L. (1989). Mathematical Methods of Classical Mechanics (2nd ed.). Springer.
e  Tabor, M. (1989). Chaos and Integrability in Nonlinear Dynamics. Wiley.
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Demo:

Consider a simple pendulum 1n a conservative force field. While 1t's not immediately apparent, given an
infinite amount of time, the pendulum will return to any 1mtial state arbitrarily closely (barring dissipation).
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Ergodicity Theorem

Part 3: Continuous Dynamics and Complex
Systems

3.2 Advanced Theories and Theorems

Description:
Ergodicity is a concept in statistical mechanics and mathematics, where it plays a pivotal role in the

study of dynamical systems. An ergodic system is one in which, given a sufficient amount of time, the
system will explore all accessible states. Essentially, in ergodic systems, time averages are
equivalent to ensemble averages.

Reference:
Peters, 0. (2019). Ergodicity Economics. London Mathematical Society Lecture Note Series.
Cambridge University Press.

Link to Biology:
In biological contexts, ergodicity is often invoked in discussions about molecular dynamics and

cellular processes. For instance, at a molecular scale, if a protein or a molecule behaves ergodically, it
means that over time, it will explore all possible conformations or states available to it, given the
energy constraints. This can be significant in understanding protein folding, ligand binding, or cellular
signaling processes.
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Ergodicity Theorem

Part 3: Continuous Dynamics and Complex
Systems

3.2 Advanced Theories and Theorems

Equation: Demo:
The precise equation depends on the specific ergodic theorem being discussed. However, general representation for ergodic Imagine a billiards table with a ball bouncing around inside. If the table 1s ergodic, then over a
systems 1s: long enough period, the ball will touch every point on the table infimitely often. This implies

that the average position of the ball over time equals the average position over the entire table.
‘o

tim [ it - / f(@)u(de)

Where:

- &y 1s the state of the system at time ¢

- f 1s a function of the state

- 4 1s the invariant measure of the system

Construction:

1. Dynamical System Specification: Start with a defined dynamical system, which can be described by a set of differential
or difference equations.

2. Invariant Measure: Identify an invariant measure, which remains unchanged under the dynamics of the system.

3. Equivalence of Averages: Demonstrate that the time average of a function along a single trajectory 1s equal to the spatial
(or ensemble) average over all states, for almost every initial condition.

References:

e  Walters, P. (2000). An Introduction to Ergodic Theory. Graduate Texts in Mathematics. Springer.
e  Birkhoff, G. D. (1931). Proof of the ergodic theorem. Proceedings of the National Academy of
Sciences, 17(12), 656-660.
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KNOWLEDGE TREE

(Full version)

Part 1: Introduction to Dynamical Systems

1.1 Overview of Complex Systems

e Definition and Characteristics of Complex Systems
e Examples of Complex Systems in Various Domains

1.2 Introduction to Dynamical Systems

e Definition and Key Concepts
e Types of Dynamical Systems (Discrete vs.
Continuous)

1.3 Mathematical Tools for Analyzing Complex Systems

e Linear vs. Nonlinear Systems
e Phase Space Representation

1.4 State Variables and Trajectories

e State Space and State Variables
e Trajectories and Phase Portraits

1.5 Stability Analysis

e  Equilibrium Points and Stability Criteria
e Lyapunov Stability Theory

1.6 Time Series Analysis

e Time Series Data and Their Applications
e Attractors and Chaos in Time Series

1.7 Case Studies and Real-World Applications

e Examples of Dynamical Systems in Biology, Physics,
and Economics

e The Role of Dynamical Systems in Understanding
Real-World Phenomena

Part 2: Discrete Dynamical Systems

2.1 Discrete Dynamical Systems: Basics

e Definition and Examples of Discrete Dynamical
Systems
e lteration and Difference Equations

2.2 Fixed Points and Periodic Orbits

e Identifying Fixed Points and Periodic Orbits
e Bifurcation Analysis

2.3 Cobweb Diagrams and Behavior Analysis

e Constructing Cobweb Diagrams
e Analyzing Behavior via Cobweb Diagrams

2.4 Chaos in Discrete Dynamical Systems

e Chaos and Sensitivity to Initial Conditions
e The Feigenbaum Constants

2.5 Fractals and Self-Similarity

e Introduction to Fractals
e  Fractal Dimension and Self-Similarity

2.6 Applications of Discrete Dynamical Systems

e Population Models
e Logistic Map and Chaos in Ecology

2.7 Research and Projects in Discrete Dynamical Systems

Part 3: Continuous Dynamical Systems

3.1 Continuous Dynamical Systems: Basics

e Differential Equations and Flow
e Phase Space and Equilibria

3.2 Linear Systems and Stability Analysis

e Linearization and Stability
e  Stability of Linear Systems

3.3 Nonlinear Dynamics and Chaos

e Nonlinear Differential Equations
e Lorenz System and the Butterfly Effect

3.4 Phase Plane Analysis

e Phase Plane Trajectories
e Nullclines and Phase Plane Analysis

3.5 Limit Cycles and Bifurcations

e Limit Cycles and Oscillations
e Hopf Bifurcation and Complex Behavior

3.6 Applications of Continuous Dynamical Systems

e  Fluid Dynamics and Chaos
e Chemical Reactions and Oscillations

3.7 Advanced Topics and Current Research

e Conducting Experiments and Simulations
e Investigating Real-World Problems
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e Hamiltonian Systems and Symplectic Geometry
e Contemporary Research in Continuous Dynamical
Systems

Part 4: Chaos Theory and Fractals

4.1 Chaos Theory: Foundations

e Chaos and Deterministic Systems
e  Sensitivity to Initial Conditions Revisited

4.2 Strange Attractors and the Lorenz Attractor

e Definition of Strange Attractors
e The Lorenz Attractor and Its Significance

4.3 Fractal Geometry and Dimension

e Fractal Dimension Revisited
e Constructing Fractals Using Iterated Functions

4.4 Chaotic Dynamics in Higher Dimensions

e Multidimensional Chaos
e The Hénon Map and Multistability

4.5 Chaos Control and Synchronization

e Methods for Controlling Chaotic Systems
e Synchronization Phenomena

4.6 Applications of Chaos Theory and Fractals

e Chaos in Weather Forecasting
e Fractals in Image Compression

4.7 Cutting-Edge Research in Chaos Theory and Fractals

e Recent Advances in Chaotic Dynamics
e Fractal Applications in Modern Technology
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Use Case WIth python Use Case: Chaotic Behavior in Ecological Models

Python Code Example (Chaotic Behavior in Ecological
Models):

Use Case: L import numpy as np
, import matplotlib.pyplot as plt
In the context of the course on Dynamical Systems, Discrete Dynamical Systems, Continuous
Dynamical Systems, Chaos Theory, and Fractals, let's explore a use case related to the study of chaotic
o : : . . X, ¥y =Y
behavior in ecological models. This use case combines concepts from dynamical systems, chaos dx dt = alpha * x - beta * x * y

theory, and ecological modeling to analyze the dynamics of populations in an ecosystem. : dy_dt = -gamma * y + delta * x * y
: return [dx_dt, dy_dt]

- lotka volterra(y, t, alpha, beta, gamma, delta):

Description: e
alpha = 9.1
In this use case, we will focus on modeling the population dynamics of species in an ecosystem using hekn =19, 92
discrete and continuous dynamical systems. The goal is to explore how factors such as predation, y 52"1':2 : ::Zl

competition, and environmental changes can lead to chaotic behavior in population sizes.
Key Components:

1. Dynamical Systems: Understanding the basics of dynamical systems, including discrete and
continuous models, is essential for describing the evolution of ecological populations over time.

np.linspace(©, 160, 1000)

from scipy.integrate import odeint

2. Chaos Theory: Chaos theory concepts, such as sensitivity to initial conditions and strange EoluEion - ladeinetiotks volterr im0l ol tF ara=(oinn ety samma ) deital)

attractors, are used to identify and analyze chaotic behavior in population models.

plt.figure(figsize=(10, 6))

3. Ecological Modeling: Knowledge of ecological principles, including predator-prey interactions and : ot plot(t, solutipn[:, 0], label="Prey (x)")
competition for resources, is crucial for building realistic ecological models. 1 plt.plot(t, solution[:, 1], label='Predator (y)°
2 plt.xlabel( 'Time")
: plt.ylabel( ‘Population’)
4. Mathematical Tools: Mathematical tools for analyzing continuous and discrete dynamical systems, 34 plt.legend()

such as differential equations and difference equations, are employed to model population 35  plt.title('Predator-Prey Population Dynamics (Lotka-Volterra Model)'
dynamics plt-stow)

In this code, we use the Lotka-Volterra equations to model the population dynamics
of prey (e.g., rabbits) and predators (e.g., foxes) over time. The interactions
between prey and predators can lead to chaotic oscillations in population sizes,
illustrating chaotic behavior in ecological systems.
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TEXTE DE DESCRIPTION

DU COURS

Welcome to the exhilarating voyage of "Exploring Complex Systems and Dynamical Patterns." This course beckons you to dive deep into the intriguing world of complex systems and dynamical patterns,
where order arises from chaos, and the essence of natural phenomena reveals itself through mathematics. Picture yourself embarking on this intellectual odyssey, where you'll traverse the fascinating
landscapes of complex systems, dynamical systems, chaos theory, and fractals.

As you step into the course, you'll first be introduced to the captivating realm of complex systems. You'll gain an understanding of their intricate definitions, characteristics, and real-world examples,
spanning biology, physics, economics, and more. The journey continues with an exploration of dynamical systems, elucidating key concepts and types, from discrete to continuous systems.

Mathematical tools will become your companions as you navigate this intricate terrain. You'll distinguish between linear and nonlinear systems and delve into the elegant world of phase space
representation. State variables and trajectories will be your guides, unveiling the intricate dance of systems in their phase portraits.

Stability analysis will be your compass, allowing you to identify equilibrium points, employ Lyapunov stability theory, and dive into time series analysis, uncovering the secrets of attractors and chaos.
Real-world applications and case studies will iluminate the profound role of dynamical systems in biology, physics, and economics.

In the second part, the course delves into discrete dynamical systems, providing a solid foundation in their basics, fixed points, periodic orbits, cobweb diagrams, chaos, and fractals. Applications in
population models and ecology will further enrich your understanding.

Part three explores continuous dynamical systems, where you'll unravel the basics of differential equations, phase space, and equilibria. Linear systems and stability analysis will become second nature,
leading to an exploration of nonlinear dynamics and chaos, epitomized by the famous Lorenz system. Phase plane analysis will be your tool for understanding complex behaviors, including limit cycles and
bifurcations. Applications in fluid dynamics and chemical reactions will further connect theory with practice.

The final part delves into chaos theory and fractals, offering insights into the foundations of chaos, strange attractors, fractal geometry, and multidimensional chaos. You'll uncover methods for chaos
control and synchronization, as well as applications in weather forecasting and image compression. Finally, you'll explore cutting-edge research in chaotic dynamics and fractals, witnessing their impact on
modern technology.

This course is your gateway to unraveling the intricate tapestry of complex systems and dynamical patterns, whether you're an aspiring scientist, a researcher, an engineer, or simply someone captivated
by the beauty of chaos and order.
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Real-World Examples
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