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The multiple regression

model

Part 1: Introduction to Multiple Linear Regression

1.1 The studied model

= The multiple regression model is a generalization with multiple factors (p) of the simple model. It is written as
follows:

Y, =060+ bz + Boxia+ -+ Bpxip + €5, =1...,n.

The terminology remains the same, and we assume thatn > p + 1.
- Y: Dependent variable

- Z1,...,Zp: Independent variables
(50
S}
-8 = 5 e RP™: Coefficient vector or parameter vector.
J
\5,/
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Vector of dimension

Part 1: Introduction to Multiple Linear Regression

1.1 The studied model

- Each individual is described by p variables, forming a p-dimensional vector (a p X 1 matrix), called an individual vector or observation vector.
( Zi1 )
L2
Lij

\wzip)

The g;'s are i.i.d; foralli = 1,...,n and E(g;) = 0.
foralli = 1,...,n,V(g;) = 0;Cov(e;, ;) = 0 fori # j.
foralli=1,...,n,& ~ N(0,0%).
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Part 1: Introduction to Multiple Linear Regression

1.1 The studied model

Note

Linearity and Gaussianity of the model are assumptions that need to be validated.
To verify them, one can either use the prior knowledge of the model or perform a statistical test.
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The model (4)

Part 1: Introduction to Multiple Linear Regression

1.1 The studied model

= The model (4) can be written in the form:
Y= [1,33;}6—}—52-,75 =1esssW

Example
(1) We want to estimate the price of an apartment based on its location, size, luxury level, location, and age.
(2) We have data on the age, mileage in thousands of kilometers, and price in thousands of euros for a sample of used cars of the same type.

Age 5 4 6 5 515 6 6 2 7 7
Km 92 64 124197 |79 76 93 63 13 111 143
Price 78 95|64 |75|81| 9 61 87 154 64 | 44
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Example with 2 factor

Part 1: Introduction to Multiple Linear Regression

1.1 The studied model

- We have an example with 2 factors to which we associate the model:

Y; = Bo + Brizi + Baxiz + &
= Alternatively:
Bo
Yi=[1 za x| 6] +e e
B2
Age E i
- The visual verification indeed appears close to a plane. ] o
= However, interpretation becomes challenging when dealing with 3 or more factors. . iy
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The vertical distance

between the data points

Part 1: Introduction to Multiple Linear Regression

1.3 Estimation of B using the OLS method

- The vertical distance between the point cloud in RP*! and the regression hyperplane is given by:

n

F(B) =) (Y;—fo— Bizin — - — Bpzip)” = |Y — XB)*.

=1

Goal:
To find /3 such that F(B) is the minimum of F(B), i.e.,

B = arg min ||Y — XA

ﬂERm-l
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Definition of model

residuals

Part 1: Introduction to Multiple Linear Regression

1.7 Study of residuals (fitting errors)

= The residuals of the model are defined as:
AN A p A
éz' :YI,_YZ :lfi_ﬁo_z/gjmij)i: ].,...,’I’L,
j=1

which can be denoted as:

(€1)
€o

Q)
|
|
|.<
|
P
™
I
|~<
I
=)
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Part 1: Introduction to Multiple Linear Regression

1.7 Study of residuals (fitting errors)

Exercise. We consider the matrices:

_ 1
n times n times

(1) Show that Hx 1s a projector. What 1s the rank of Hx?
(2) Show that

HxX =X; HxY =Yandeé = (I, — Hx)Y = (I, — Hx)e.
Interpret these results.

(3) Deduce that Hx J,, = J,.
(4) Verify that J,Y = Y'1,,. Show that

Y - 7)7 (? _ Y1n) =Y (I, — Hx)(Hx — J,)Y.

(5) Conclude that:
(Y — ?)T(? _ Y1n) ~0
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Part 1: Introduction to Multiple Linear Regression

1.7 Study of residuals (fitting errors)

Using the fact that

S (%-7) =y -1,
1=1
we have:
SN @-Y) =(y-YL) (Y -Y1,)
1=1
~(Y - 7) (Y - V) +2(Y - 7)7 (¥ - 71,
+ (?—Yln)T(A—Y’ln)
n N2 n R B 2
1=1 1=1
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Decomposition

Part 1: Introduction to Multiple Linear Regression

1.7 Study of residuals (fitting errors)

= We thus obtain the decomposition seen in the context of simple regression:

SCtot = SCres + SC’reg.
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The coefficient of

determination

Part 1: Introduction to Multiple Linear Regression

1.8 Measure of the goodness of fit of a model

= The coefficient of determination 1s defined as:

R? _ SCleg 1 9 Cres
SCtot SCtot
= The adjusted R? is a version of the coefficient of determination that takes into account the number of observations and the number of explanatory variables:
SCres/(n—p—1 -1
Ry =1- 20/ D) g _nol g
SCiot/(n —1) n—p—1
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The mean squared error

Part 1: Introduction to Multiple Linear Regression

1.8 Measure of the goodness of fit of a model

= The Mean Squared Error (MSE) is defined as:

- The Mean Absolute Error (MAE) 1s defined as:
1 n
MAE = = |&j.

L

= The Mean Absolute Percentage Error (MAPE) is defined as:

n

MAPE — * Z

n 1=1

€;
Y;
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Definition

Part 1: Introduction to Multiple Linear Regression

1.9 Comparison of models

Definition
Two models are said to be nested if one of them can be obtained as a special case of the other.
They explain the same variable Y, and the explanatory variables of the "small" model are all included in the "large" model.
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Part 1: Introduction to Multiple Linear Regression

1.9 Comparison of models

Exercise. Show that for two nested models:
2 2
Rg > Rp
An increase in the number of explanatory variables mechanically increases the coefficient of determination.

Hint: S.S;.s decreases when adding an explanatory variable to the model.
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Comparison of nested

models

Part 1: Introduction to Multiple Linear Regression

1.9 Comparison of models

= The comparison of two nested models can be done using the Rﬁdj.

24; is higher than that of the other model.

= There are other criteria of the same type that can be used to compare the goodness of fit of two models related to the same dependent variable:

A model 1s preferable to another if its R

- The Akaike Information Criterion (AIC) is defined as:

SSres

AIC:nln( )+2(p-|-1).

- The Schwarz Bayesian Information Criterion (BIC) 1s defined as:

BIC = nln( 5Stes

n

) + (p+1)Inn.
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Comparison of nested

models

Part 1: Introduction to Multiple Linear Regression

1.9 Comparison of models

= Unlike Rgdj, the AIC and BIC criteria are increasing functions of SS;es.

- A model 1s therefore preferable to another in terms of AIC (resp. BIC) if 1its AIC (resp. BIC) criterion 1s lower than that of the other model.
= Some software packages may use a slightly different formulation of the AIC and BIC criteria, but the interpretations remain the same.
- For example, in GRETL.:

AIC = —2InL +2(p+1) and BIC = —2InL + 2(p+ 1) Inn,

where L is the maximized likelihood of the model provided by the software.
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Part 1: Introduction to Multiple Linear Regression

1.9 Comparison of models

- GRETL also provides the Hannan-Quinn criterion, which has a formulation almost identical to the BIC:

SSres

HQC:nln( ) +(p+1)Inlnn.

= In GRETL:
HQC=-2InL+2(p+1)Inlnn.

- With the software package R, the previous criteria can be obtained using the AIC function, which depends on a parameter k.
= This parameter takes the values 2, 21Inn and 2 In In n for the AIC, BIC, and HQC criteria, respectively.
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Theorem

Part 1: Introduction to Multiple Linear Regression

1.10 Estimation of o2

Theorem
Consider the estimator

(i) 6% is an unbiased estimator of o independent of Y.
(ii) Moreover, if &; ~ N'(0, 0%), then:

(n—p-1)o° 2
T2 T Xnp-1

. Bi—PB; | T v\ —1
-Forany j =0,1,...,p, we have L ~ Tn_,_1,where (X' X). .
yJ yooiy P \/&2 (XTX);ISj_l n—p—1 ( )]—I—I,J—H

is the (j + 1)*™ diagonal element of (X ' X) -
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Part 1: Introduction to Multiple Linear Regression

1.10 Estimation of o2

Proof. We know that
¢ = (I, — Hx)eand Y = HxY = X+ Hyxe.

Moreover, the matrix I,, — Hx is a projector of rank n — p — 1.
Therefore:

—~ ¢ (I, — Hx)e

g =

n—p—1
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Consequence of

Cochran's theorem

Part 1: Introduction to Multiple Linear Regression

1.10 Estimation of o2

The first part of (ii) is a consequence of Cochran's theorem T, while the second part follows from the fact that:
B ~ N(ﬁ, o’ (X' X) —1)

and the independence of ;5 and B (since ;5 1Y=X B).
The result in (1) can be easily obtained from (i1) using the linearity of expectation.

f

Theorem
If Z ~ N(0,1I,) and A is a projection matrix of rank g, then the variables AZ and (I,, — A)Z are independent. Moreover:

|AZ|> =ZTAZ ~ x2 and ||(I, — A)Z|* = ZT (I, — A)Z ~ x>_,
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Part 1: Introduction to Multiple Linear Regression

1.11 Confidence intervals

= Iftheg; ~ N (O, 02) , then the 1 — o confidence intervals for 3; are given by:
CI(/B]) — |:IBJ - tn—p—l,l—a/2o/'3\j7 /Bj + tn—p—l,l—a/20/'3\j] 9

where

— ) -1 . %
03 = \/02 (XTX)J.H,J.le is the standard error of 3;.
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Part 1: Introduction to Multiple Linear Regression

1.11 Confidence intervals

Note

If the €; are no longer assumed to be Gaussian,

then the previous confidence interval is an asymptotic confidence interval,

replacing ¢,_p_1,1_q/2 With the 1 — a/2 quantile z;_, /9 of the standard normal distribution.
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Construction of a

confidence interval

Part 1: Introduction to Multiple Linear Regression

1.11 Confidence intervals

We can also easily construct a 1 — o confidence interval for o

cr(o?) = | PPt 2 nop- 1y

Cn—p—1,1—a/2 Cn—p—1,0/2
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Part 1: Introduction to Multiple Linear Regression

1.12 Confidence interval for a linear combination of the coefficients

= We are given a vector a = (ag, - . ., a,p)T and we aim to estimate a' S.
= Example: If we take o' = (1, Ty, x;‘,)

where 27,7 = 1, ..., p represents a new observation of the explanatory variables,

thena'B =E(Y*).
= We have that a' 3 is an unbiased estimator of a ' 3,

and furthermore:

al B =gl
o'B-a'8 g,
\/a2aT (XTX)_la,
which implies:
At B gl
6 /8 A 777,—1)—1

Ve (XTX) e
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Part 1: Introduction to Multiple Linear Regression

1.12 Confidence interval for a linear combination of the coefficients

= Thus, a confidence interval at level 1 — o for a' B is given by:

——

Cl(a'B) = a' B+ trp-11-a/2 \/a2aT (XTX)—la .

= In the case where a' = (1, 2 (R x;) where the 2 represent a new observation of the explanatory variables, we have:

CI(E(Y™)) = Witn_p_l,l_a/z\/?aT(XTx)1a :
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Random variable

Part 1: Introduction to Multiple Linear Regression

1.13 Prediction interval

= Now we are looking for an interval for Y *, which is a random variable. We have:

Y*=a'B+e*witha' = (1,x"1‘, .. .,:1:;) and €% ~ N(O,O‘2),
¢” independent of ;,,1 =1,...,n
Thus

Y*~N(a'B,0°) and Y =a'8~ N(aTﬁ, oo’ (XT.X)_la),
= Therefore,

Y* ~ N(a'B,0”) and YV =a'B~ N(aTﬁ, o’a’ (XTX)—la),
which implies

——

& =Y -7 ~N(0,6*1+0a" (XTX) a]).
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Part 1: Introduction to Multiple Linear Regression

1.13 Prediction interval

Hence,
Y*-Y?
~ 771—19—1
\/02 [1 +a' (XTX)_1 ......... a,}
= The prediction interval is given by:
PI(Y*)= |Y*+......... th—p—1,1-0a/2 \/;\[1 +al (XTX) 1a]
Note:
The quantity
a' (X'X) a
represents the leverage of the observation x* = (:13’1", ey a:;';)

[ { weekl - Linear Models examples / Multiple Linear Regression / Part 1: Introduction to Multiple Linear Regression / 1.13 Prediction interval Baptiste Mokas



Test of the true value

Part 1: Introduction to Multiple Linear Regression

1.15 Hypothesis testing: significance of a coefficient Bj

= For j =0, ...,p, we want to perform a test regarding the true value of 3;.

= The hypotheses are:

Hy : B; = b; against Hy : B; # b;, where b, is a fixed value.

- In particular, for b; = 0, we test the effect of the explanatory variable x; on the variable Y.

= Performing this test involves determining whether or not to exclude the variable x; from the model (referred to as an exclusion test).
= If Hj 1s rejected in favor of Hy, we say that the coefficient j3; is significant.
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Mathematical

translation

Part 1: Introduction to Multiple Linear Regression

1.15 Hypothesis testing: significance of a coefficient Bj

= To make a decision between two hypotheses, we need to establish a decision rule.

- If the value of Bj is far from b;, we will think that there is a high likelihood that Hy does not hold (8, # b;). Therefore, we will reject this hypothesis in favor of
H,.

= On the other hand, if Bj is close to b;, we will not reject Hy.

Mathematically, this can be expressed as follows:

[ set a threshold s > 0

-If ],@’] — b;| > s, then I reject Hy in favor of Hj.

- If |BJ — b;| < s, then I do not reject Hy in favor of Hj.

= How do we determine the value of s?
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Decision rule

Part 1: Introduction to Multiple Linear Regression

1.15 Hypothesis testing: significance of a coefficient Bj

= With the decision rule mentioned above, two types of errors can occur:

(3) Rejecting Hy in favor of H; when Hj is true (incorrectly concluding that 3; # b;): Type I error.
(2) Not rejecting Hy in favor of H; when Hj is false (incorrectly thinking that 8; = b;): Type II error.
= These two types of errors are associated with their respective probabilities:

- a = P (Rejecting Hy when Hj is true): Type I error rate.

- 8 = P (Not rejecting Hy when H) is false): Type II error rate.

= The quantity 1 — 3 represents the probability of correctly rejecting Hy. In other words, it is the probability of rejecting the null hypothesis
Hy when 1t 1s false.

= Therefore, 1 — 8 measures the power of the test.
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Returning to the choice

of s

Part 1: Introduction to Multiple Linear Regression

1.15 Hypothesis testing: significance of a coefficient Bj

Back to the choice of s
- In practice, instead of arbitrarily setting the threshold s, we choose a level of Type I error rate « € (0, 1) that we are willing to accept, and we determine the threshold s,, that guarantees this risk.

- For a given ¢, using the previous decision rule, we have:

a = P(Reject Hy | H is true)
3 B; —B;
= P(‘»BJ - bj‘ > Sa ‘ J,\— ~ Jtn—p-11]-

8;

Note: Hy being true means 8; = b;.
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Part 1: Introduction to Multiple Linear Regression

1.15 Hypothesis testing: significance of a coefficient Bj

= Therefore:

S S

1—a:]P’ _Aoz S'E_p_lg ......... Aa
O-Bj aBj

= Consequently:

S A

Aa — tn—p—l,l—a/2 — Sq = O'B. . tn—p—l,l—a/2-

O-B' J

J

< Lsueewlfwi
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Summary

Part 1: Introduction to Multiple Linear Regression

1.15 Hypothesis testing: significance of a coefficient Bj

In summary:
= The hypotheses of the test:

Hy : B; = bj against H; : B; # b, b; a fixed value. ... ... ...

= The test statistic:
- The decision rule:

—b. . .
- If | ?| > ty_p—1,1—a/2, then I reject Hy in favor of ... ... ... H,.

Aj

- If | 'BJG—;bﬂ < ty—p-1,1-a/2, then I do not reject Hy in favor of H;.

J
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Part 1: Introduction to Multiple Linear Regression

1.15 Hypothesis testing: significance of a coefficient Bj

= The specific case 8; = 0 corresponds to the test statistic:
B;
;

i =

S

- This quantity is called the ¢-statistic and 1s automatically calculated by most statistical software.
- Note that the decision rule mentioned above can be extended to the cases of one-sided tests as follows:

: : 3;—b; : :
- Hy : B; = bj against Hy : B; > b;: we reject Hy when ﬂ;ﬂ = > t,_p-1,1-o and do not reject Hy otherwise.
J
; : 3;—b; , .
- Hy : B; = b; against H; : B; < b;: we reject Hy when i ’&ﬂ = < tp—p-1,1-o and do not reject Hy otherwise.
4
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Definition

Part 1: Introduction to Multiple Linear Regression

1.16 Notion of p-value

= Many software programs allow conducting a test without having to consult statistical tables.

- They provide a probability associated with the ¢-statistic, known as the critical probability or significance level (or p-value).

- The p-value corresponds to the level of Type I error risk o™ for which we would be undecided between the two decisions: rejecting or not rejecting Hy.
- Therefore, we can conclude a test using the p-value with the following decision rule;

- If o* < a, then I reject Hy in favor of H;.

- If o > a, then 1 do not reject Hy in favor of Hj.

=- In addition to the p-value, software provides more detailed conclusions about the significance level of 8; with a precision of 0.1, 0.01, 0.001, etc.

- This level of precision 1s indicated by stars next to the p-value.
- The p-value helps us have more or less confidence in the hypothesis Hy.
= The larger the p-value, the more we believe that Hy 1s true. The smaller the p-value, the more tempted we are to reject Hy.
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Part 1: Introduction to Multiple Linear Regression

1.16 Notion of p-value

One must be cautious in interpreting the ¢-statistic. It is not advisable to blindly remove a variable from a model just because its coefficient is not statistically significant.
- There can be valid reasons for keeping the variable even if its impact seems small from a statistical perspective.
= This test only allows us to draw conclusions about a single coefficient 3; and not about the simultaneous elimination of multiple coefficients.
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Part 1: Introduction to Multiple Linear Regression

1.17 Test of a linear constraint on the coefficients

= We want to test a linear restriction of the form:

Hy:apfo +a1B1+---+apf,=>
against
Hy:apfo+aifr+---+apBy #0b

Examples:

(Hy: 1+ B2=1
(1) ¢ against

(H1: 81+ B2 #1
(Hy:B2—B3=0
(2) ¢ against

(H1: 82— B3 #0
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Hypotheses

Part 1: Introduction to Multiple Linear Regression

1.17 Test of a linear constraint on the coefficients

The test hypotheses can be written in matrix form as:

HO . CLT,B =b
(1)< against where a' = (ag,...,aq,).
H1 . CLT,B 7& b
e Reminder:
aTB —a'pB

VT (XTX) a
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Part 1: Introduction to Multiple Linear Regression

1.17 Test of a linear constraint on the coefficients

= Thus, we can establish the following decision rule:
- If

aTB —b
Ve (XTX) a

by tn—p—l,l—a/27

then I reject Hy in favor of Hj.
- if

aTB —b
\/EEaT (XTX)_la

<thp-1,1-a/2

then I do not reject Hy in favor of H;.
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Part 1: Introduction to Multiple Linear Regression

1.17 Test of a linear constraint on the coefficients

Example.
Consider the model:
Y; = Bo + Bixi1 + Pezia + €

with:
n = 40,8, = 1.37,8; = 0.632, B8, = 0.452

Perform the following tests:

(Hy : B1 = B2
(1) ¢ against ,
(H1: 81 # Be
(Hy: B1+ B2 =1
(2) { against ,
(H1: 81+ B2 # 1
(HO . ,82 =0
(3) { against
\H1 s ,82 7& 0
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Testing the joint nullity

Part 1: Introduction to Multiple Linear Regression

1.18 Test of significance of multiple coefficients

= Purpose: to test the joint nullity of multiple coefficients.
= We can test the nullity of all the coefficients of the explanatory variables, which is referred to as a test of the overall validity of the model.
= We can also test the nullity of a subset of these coefficients.
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Test of overall significance of

the model

Part 1: Introduction to Multiple Linear Regression

1.18 Test of significance of multiple coefficients

Test of overall significance of the model
= The hypotheses of the test:

HO:/B:l:/BZ:...:/Bp:O
against

H,:35€{1,...,p}suchthat 5; # 0

= The test statistic is given by:
- S...... Chreg/D B R*(n—p—1)

= ~oo . Fpnp-1......underHy.
SCies/n—p—1 p(1 — R?) p;n—p—1 underH)

= The decision rule is:
-If F > fppn_p-1,1-a, thenIreject Hy in favor of Hj.
-If F < fpn—p—1,1—a, then I do not reject Hy in favor of Hj.
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Comparing the models

Part 1: Introduction to Multiple Linear Regression

1.18 Test of significance of multiple coefficients

= If the null hypothesis Hj is not rejected, it means that the model without explanatory variables is preferable to the original model.
= The variables z; explain very little of the variations in Y, so it is better to eliminate them.
= When we reject Hy in favor of H;, we say that the model is globally significant.
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Part 1: Introduction to Multiple Linear Regression

1.18 Test of significance of multiple coefficients

- As with the ¢ statistic, statistical software provides the value of the F’ statistic, as well as the associated p-value.
- The calculation of F' is sometimes presented in a table called ANOVA, which shows several terms:

Source Df Sum Sq Mean Sq F value

: _ SCre _ MC
Regressmn P . Creg M Creg — p b= MCes
Residuals ... ... ... n—p—1 SCles MC s ns_%isl
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Test of comparison of

two nested models

Part 1: Introduction to Multiple Linear Regression

1.18 Test of significance of multiple coefficients

Comparison test of two nested models
The hypotheses of the test:
For g < p, we have:

HO:Ile :IBJQ:IBJ'Q:O

against

H: Elj c {j17 “s s ,jq} such that ,Bj 7£ 0
= The test statistic:

F = [SCres (P) T SCres (G)]/q _ [SCreg (G) o SCl‘eg (P)]/q
SCies (G)/n—p—1 SCies (G)/n—p—1
(R — Rp)(n—p—1)

— q(l — Ré) ~ Fgn—p—1, under Hy.

a

= The decision rule:

-If F > fyn—p-11-a, then I reject Hy in favor of Hj.
-If F' < fyn—p—1,1-a, then I do not reject Hy.

a. G = large model and P = small model

Baptiste Mokas
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Part 1: Introduction to Multiple Linear Regression

1.18 Test of significance of multiple coefficients

We have seen that in the case g = p, the small model is
Y = Bo + &

In this case,

Therefore,
SChes (P) =0and SCpes (P) =1

Thus, we obtain the result of the overall significance test of the model.
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Testing multiple linear

restrictions

Part 1: Introduction to Multiple Linear Regression

1.19 Test of multiple linear constraints on the coefficients

= We want to test multiple linear restrictions of the form:

(L1080 + 4111+ -+ - + L1pBp = b
la0B0 + L1+ -+ - 4+ LopBp = b2

\erIBO + KqLBl + e+ eqpﬂp — bq

against 95 € {1, ..., q} such that the jth equation is not satisfied, with ¢ < p + 1.

=>Examp1§s: b+ B
Bot+Bi+ P2+ Bs=1 [B2—P3=0
(1)H0'{ﬂ1+5220 ,(2)H0.{ﬁ0_51:1.
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Hypotheses

Part 1: Introduction to Multiple Linear Regression

1.19 Test of multiple linear constraints on the coefficients

- The test hypotheses can be written in matrix form as:

HQ . Lﬁ =b
(1) ¢ against
Hl . L,B 7£ b
where b' = (by,...,b,) and Lisaq x (p + 1) matrix.
= Reminder:
) -1
LB - B)" [L(X"X)"LT| LB~ B
F — — ~ (.Zan_p_]-
qo’
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Test of multiple linear constraints on the

coefficients

Part 1: Introduction to Multiple Linear Regression

1.19 Test of multiple linear constraints on the coefficients

The test hypotheses:
H() . LB =b
against
H1 . Lﬂ 7& b

where b' = (by,...,b,) and Lisa g x (p + 1) matrix.
= The test statistic:

(LG —b)T [L(XTx)‘lLT} (LB —b)

— ~ q,n—p—l &
qo°

F—

- The decision rule:
-1t F' > fyn—p-1,1-a, thenreject Hy in favor of Hj.
-if F < fyn—p—1,1—a, then do not reject Hy.
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Part 1: Introduction to Multiple Linear Regression

1.19 Test of multiple linear constraints on the coefficients

= If Hy 1s true, then L,B should be close to b. Therefore, we will reject Hy 1f LB is far from b, i.e. for a threshold s
1L = b]* > s.

= Now, we recall that if H is true, then:
" _ =T o=
(LA =) [L(X"X)'LT| (LB ~)

—~ ~ q,n—p— 12
qo”

F—

Hence, the decision rule obtained using a similar reasoning as that used to establish the simultaneous confidence region.
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Two related questions

Part 1: Introduction to Multiple Linear Regression

1.20 Analysis of results and validation of model sumptions

= We can distinguish two types of questions:
- Those related to the influence of specific observations
- Those related to the influence of the chosen factors on the estimates.
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Study of residuals

Part 1: Introduction to Multiple Linear Regression

1.21 Analysis of residuals

= The study of residuals 1s fundamental. It allows us to identify:

- Potentially outlier observations.

- Observations that play an important role in the regression estimation.

- Furthermore, the study of residuals is often the only way to empirically verify the validity of the model assumptions.
- The representation of residuals is done based on ¢ (or based on Y\i).

- This representation should not exhibit any particular trend.
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Curvature in the form of

residuals

Part 1: Introduction to Multiple Linear Regression

1.21 Analysis of residuals
= Curvature in the shape of the residuals based on Y; suggests that the linearity assumption 1s not appropriate.
- Monotonic behavior of the variability of the residuals based on Y'; can indicate non-constant variance.
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Definition + Note

Part 1: Introduction to Multiple Linear Regression

1.22 Notion of leverage

Definition:
The hat matrix associated with X is called the matrix Hx defined by

Hy=X(X"X) X'

Note:
The 2-th element on the diagonal of H x is nothing but the leverage of observation number ¢, 1.e:

hz’i = aiT (XTX)_lai

where a,iT is the ¢-th row of the matrix X, given by:

CLZT = [1 Lil Li2... .’Eip]
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Properties

Part 1: Introduction to Multiple Linear Regression

1.22 Notion of leverage

Properties:
(1) Forall: =1,...,n, we have:

1 n
— <hi<land Y h;=p+1.
n i1

(i1) Forallz = 1,...,n, we have:
V(éz) = 0'2(1 — hm)

(iii) In the case of simple regression (p = 1), we have:
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Part 1: Introduction to Multiple Linear Regression

1.22 Notion of leverage

= The estimated residual variance is lower when its leverage h;; is larger.
: 2pt1) . : o
- In practice, a leverage greater than % is considered significant.

- In this case, it 1s considered that the associated observation plays an important role in determining the regression hyperplane as it 1s far from the centroid of the data points cloud.
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Definition

Part 1: Introduction to Multiple Linear Regression

1.23 Standardized residuals

Definition:
The standardized residuals are defined as

A

\/02(1_hii)

- When n is large, the standardized residuals should remain within the range of -2 to 2.

- A high standardized residual may indicate an outlier (or a value poorly predicted by the model).

- However, it 1s important to note that an observation can be an outlier without necessarily being influential on the regression (and
vice versa).

[ { weekl - Linear Models examples / Multiple Linear Regression / Part 1: Introduction to Multiple Linear Regression / 1.23 Standardized residuals Baptiste Mokas



Definition

Part 1: Introduction to Multiple Linear Regression

1.24 Studentized residuals

Definition
The studentized residuals are defined as

AN

& =

€;
\/O’%i)(l = hu)

)

e

where a%_z.) is the estimator of o obtained without using the ith observation, namely
= _ 8Osy _ 1 ”ié2 _Fdn-p-1)-¢
(=) " n—p—2 n—p-—2 <4 b n—p—2 '
ki

When n is small, we use the studentized residuals.
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Properties

Part 1: Introduction to Multiple Linear Regression

1.24 Studentized residuals

Properties
We have the following relationship:
= An observation is considered an outlier with a confidence level of 1 — a (a = 0.05 typically), when

~~

t;k > tn—p—2,1—a/2-
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Definition

Part 1: Introduction to Multiple Linear Regression

1.25 Cook's distance

= The Cook's distance allows us to assess the importance of standardized residuals in relation to leverage.
Definition
The Cook's distance associated with observation number 2 1s defined as:

i
. 6‘; hu

Ci= (p+1)(1—hy)

- A Cook's distance greater than 1 generally indicates an abnormal influence of the observation Y; on the regression performed.
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DFFITS

Part 1: Introduction to Multiple Linear Regression

1.25 Cook's distance

= We can also examine the DFFITS defined as

- A high value of D; indicates that the parameter estimation 1s strongly affected if we remove observation number ¢ from the sample.
- In practice, an observation is considered influential when

2(p+1

n
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Use Case WIth python Use Case: Predictive Modeling in Real Estate

, , _ _ _ _ Python Code Example (Real Estate Price Prediction):
In the context of the course on Multiple Linear Regression, which covers topics related to understanding

multiple linear regression, estimation and inference, model evaluation and selection, interaction effects,
and model validation, let's explore a use case related to predictive modeling in the real estate industry.

rt train_test split

t LinearRegression

Description: Fro arn. ‘ mean_squared_error, r2_score

In this use case, we will apply multiple linear regression techniques to predict real estate property prices

based on various independent variables. Accurate price prediction is crucial in real estate for both data’=ipd-read coviireal estate data-covid
buyers and sellers to make informed decisions. Multiple linear regression allows us to model the
relationship between property attributes and its price.

( = data[[’

= data['P
_train, X test, y train, y test = train_test split(X, y, test size=8.2,
random_state=42)

Key Components:

Introduction to Multiple Linear Regression: Understanding the fundamentals of multiple linear Lo sode Li=V! neaREREee s TonL)

. . . . . . . . model.fit(X_train, y_ train)
regression, including the purpose, formulation of the regression equation, and interpretation of
coefficients. :

y pred = model.predict(X test)

Estimation and Inference: Applying estimation methods such as least squares to calculate model ,
. . . . . g . . 2: mse = mean_squared_error(y_test, y_pred)
coefficients. Conducting hypothesis tests to determine the significance of independent variables and oA o iy et e

constructing confidence intervals.
print(f'M

print(f'R-s

Model Evaluation and Selection: Assessing model fit using measures like R-squared and adjusted

R-squared. Analyzing residuals to diagnose model fit and detect any patterns. Understanding

multicollinearity and its effects. In this code, we load a real estate dataset containing property features and
prices. We split the data into training and testing sets, fit a multiple linear

_ _ _ _ . . _ . regression model, and use it to predict property prices. We then evaluate the
Interaction Effects and Nonlinearity: Incorporating interaction terms to capture complex relationships model's performance using mean squared error (MSE) and R-squared.

between independent variables. Using polynomial regression to handle nonlinear relationships.
This use case demonstrates how multiple linear regression, as covered in the

S . . o . . course, can be applied to real-world scenarios like predicting real estate
MOdel Valldatlon and AssumptlonSZ Emp|0y|ng CrOSS'VaI|dat|On teChanueS tO Va“date the mOdel'S property priceS, providing valuable insights for buyers and sellers in the real

performance and prevent overfitting. Identifying and handling outliers using robust regression methods. estate market.
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TEXTE DE DESCRIPTION

DU COURS

Explore the comprehensive course on Multiple Linear Regression, covering key concepts and techniques for understanding and applying regression models in data analysis. You'll start by gaining an
overview of multiple linear regression, including its definition, purpose, and distinctions from simple linear regression. The course introduces you to multivariate data and variables, teaching you to
identify dependent and independent variables in complex datasets.

You'll delve into the core of the multiple linear regression model, learning to formulate the regression equation and interpret coefficients. The course will guide you through the assumptions and
diagnostic checks essential for reliable regression analysis.

Next, you'll explore estimation methods, focusing on least squares estimation in multiple linear regression. Hypothesis testing techniques are covered, allowing you to assess the overall significance of
the model and the significance of individual coefficients. The course also equips you with the skills to construct and interpret confidence intervals for model coefficients.

In the realm of model evaluation and selection, you'll dive into measures of model fit, including R-squared and Adjusted R-squared, and understand how to compare different models for effective model
selection. You'll also learn to perform residual analysis, diagnose residual patterns, and address model fit issues. Additionally, you'll explore the concept of multicollinearity and its effects on regression
models, along with methods for detection and mitigation.

The course delves into interaction effects and nonlinearity, showing you how to incorporate interaction terms and polynomial regression to handle complex relationships in your data.

Finally, you'll explore model validation and assumptions, including cross-validation techniques like K-Fold Cross-Validation and methods for outlier detection and handling in multiple regression.

By the end of this course, you'll possess a robust understanding of multiple linear regression, enabling you to build, evaluate, and refine regression models, make data-driven decisions, and address
various challenges in regression analysis.
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